Mathematica 11.3 Integration Test Results

Test results for the 413 problemsin "1.2.2.3 (d+e x"2)"m (a+b x"2+c
xN)Ap.m"
Problem 14: Result unnecessarily involves imaginary or complex numbers.
J 1+bx? dx
e
Optimal (type 4, 16 leaves, 2 steps):
EllipticE [Ar‘csin [\m x] R —1}

Vb
Result (type 4, 27 leaves):

i EllipticE[i ArcSinh[+/-b x|, -1]

=

Problem 15: Result unnecessarily involves imaginary or complex numbers.
1-bx?
j — % _ax
Optimal (type 4, 35leaves, 5steps):
EllipticE[ArcSin[+/b x|, -1] 2EllipticF[ArcSin[+/b x|, -1]
- +

Vb Vb
Result (type 4, 46 leaves):

i (EllipticE[iArcsinh[+/~b x], -1] - 2E1lipticF [i Arcsinh[v-b x], -1]
Vb

Problem 16: Result unnecessarily involves imaginary or complex numbers.
1+bx?
Ji dx
V-1+b2x4
Optimal (type 4, 43 leaves, 3 steps):

V1-b2x* EllipticE[Ar‘cSin[\m x], —1}
Vb LbE
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Result (type 4, 54 leaves):
i+V1-b?x* EllipticE[iArcSinh[v/-b x|, -1]
Vb -1+b2x*

Problem 17: Result unnecessarily involves imaginary or complex numbers.
J 1-bx? dx
V-1+b2x*
Optimal (type 4, 89leaves, 6 steps):
V1-b2x* EllipticE[ArcSin[+v/b x|, -1] 2+V/1-b2x* EllipticF[ArcSin[vb x|, -1]
7 VbV 1 + e
Result (type 4, 73 leaves):
(j\/m ELlipticE[i Arcsinh[v=b x|, ~1] - 2 E1lipticF[i ArcSinh[v/~b x], -1})]/

Problem 18: Result unnecessarily involves imaginary or complex numbers.
1-bx?
Ji dx
V1+b2x*
Optimal (type 4, 89leaves, 1 step):

(1+bx?) |28 Elliptice[2ArcTan [V x], 1]

x\V1+b?x? (1+bx7)
- +
1+bx? Vb \/1+Db2x

Result (type 4, 52 leaves):

I (EllipticE[Ji ArcSinh[~+/ib x], -1] - (1-1i) E1lipticF|i ArcSinh[v/ib x], —1])
Vib

Problem 19: Result unnecessarily involves imaginary or complex numbers.
1+bx?
Ji dx
Neerora
Optimal (type 4, 152 leaves, 3 steps):
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2 1+b2 x* R 1
NITEE (1+bx?) \/EElllptlcE[ZArcTan[\/Fx], N

- +

1+bx2 Vb VI DR
1+b2 x* . . 1
(1+bx2) lﬁ E111pt1cF[2Ar'cTan[\m x], ;}
Vb VIibi K

Result (type 4, 51 leaves):

(EllipticE[i ArcSinh[~+/ib x], -1] - (1+ 1) E1lipticF|i ArcSinh[v/ib x], —1])
\Vib

Problem 20: Result unnecessarily involves imaginary or complex numbers.
1-bx?
Ji dx
v -1-b%x*
Optimal (type 4, 90 leaves, 1 step):

(1+bx?) Leb? EllipticE[2ArcTan[+/b x|, i]

x/-1-b2x4 (1+bx?)?
+
1+bx NCREv

Result (type 4, 79 leaves):
-([\/1+b2 x* [E1lipticE[i Arcsinh[vib x], -1] -
(1-1i) EllipticF[iArcSinh[ib x], -1]))/ (\/J’lb \-1-b2x*

|

Problem 21: Result unnecessarily involves imaginary or complex numbers.
1+bx?
Ji dx
Optimal (type 4, 156 leaves, 3 steps):

(1+b5x2) | 2224 Elliptice[2ArcTan [vb x|, ]

xvV-1-b2x* (1+bx?)?
- - +
1+bx Vb V1 bE

(1+bx2) ﬁ EllipticF[ZAr‘cTan[\/F X].- ﬂ

Vb v -1-b2x*
Result (type 4, 78 leaves):
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[\/1+b2 x* (ElliptiCE[i ArcSinh[v/ib x], -1] - (1+1i) EllipticF[iArcSinh[v/ib x], -1})]/
Vib 1o

Problem 23: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1+c2x?
J 57 ax
V1-c*x?
Optimal (type 4, 10leaves, 2 steps):
EllipticE[ArcSin[cx], -1]

C

Result (type 4, 31 leaves):
i El1lipticE [fL ArcSinh [\/ -c? x] , —1}

_c?

Problem 25: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1-c?x?
J .
V1-ctxt
Optimal (type 4, 23 leaves, 5steps):
EllipticE[ArcSin[cx], -1] 2EllipticF[ArcSin[cx], -1]
- +

C C

Result (type 4, 52 leaves):

i (EllipticE[j ArcSinh[+/-c? x|, -1] - 2 E1lipticF[i ArcSinh[+/-c? x], -1})

Vocr
Problem 26: Result more than twice size of optimal antiderivative.
J d+ex? 4
- dX
d2+bx%+e?x*

Optimal (type 3, 82 leaves, 5 steps):
ArcTan[@] Ar‘cTan[@]

B \/b+2de N \/b+2de
Vvb+2de Vvb+2de

Result (type 3, 181 leaves):
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(7b+2de+\/b274d2e2)Ar‘cTan[ 2 ex ]
1 Jb[badzer

V2 Vb -adiel Jo-Vbr-ader

(b—2de+\/b2—4d2e2)Ar‘cTan[ 2 ex ]
| bir/b2-4 o2 &2

Jbivb? ad7e?

Problem 27: Result more than twice size of optimal antiderivative.

d+ex?
J e
d? + fx?+e2x*
Optimal (type 3, 82leaves, 5steps):
APCTBH[@} APCTBH[@}

_ V2de+f N N2de+f
V2de+f \V2de+f
Result (type 3, 181 leaves):
(2de—f+ 74d2e2+-F2)Ar‘cTan[ zex ]
f-n/ -4 d? e f2

JE NV a@e e

-2de+f+ 74d2e2+F2)Ar‘cTan[ 2ex ]

i/ -4 d? e?+F2
/(\/?\/74d2e2+f2]

\/'F+\/—4d2e2+'F2

Problem 28: Result more than twice size of optimal antiderivative.

d+ex?
J L
d2-bx2+e2x*
Optimal (type 3, 78leaves, 5steps):

y/bi2de -2ex y/br2de +2ex
Ar‘cTanh[ b:2de Zex} Ar‘cTanh[ b:2de 2”]
Vb-2de \b-2de

Vb-2de Vb-2de
Result (type 3, 189leaves):
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(b+2de+\/b274d2e2)Ar‘cTan[ 2 ex ]
1 o] ~borfb2-2 % &2

V2 Vb -adiel Job-b?-ader

(—b—2de+\/b2—4d2e2)Ar‘cTan[ 2 ex ]
| -bir[b?-a d? &2

b Vb adre?

Problem 29: Result more than twice size of optimal antiderivative.

d+ex?
J ST X ax
d? - fx2+e2xt
Optimal (type 3, 86 leaves, 5steps):
APCTBH[M} APCTBH[M}

_ \2de-f . \2de-f
V2de-f V2de-f
Result (type 3, 189 leaves):
(2de+f+ 74d2e2+-F2)Ar‘cTan[ Zex ]
—f-n/ -4 d? e+ 2

Jf o ade P

-2de-f+ 74d2e2+F2)Ar‘cTan[ 2 ex ]

[efssan tcerrasa

\/—'F+\/—4d2e2+'F2

Problem 30: Result more than twice size of optimal antiderivative.

d-ex?
J A
d? +bx?+e2x*
Optimal (type 3, 78leaves, 3 steps):

Log[d-+/-b+2de x+ex?| Log[d++V-b+2de x+ex?|
- +
2/ -b+2de 2/ -b+2de

Result (type 3, 182leaves):
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(b+2de7\/b274d2e2)Ar‘cTan[ 2 ex ]
1 | bor/b2-ad? e?

V2 Vb -adiel Jo-Vbr-ader

(b+2de+\/b2—4d2e2)Ar‘cTan[ 2 ex ]

o[ bir/b2-4 d? €2

Jbivb? ad7e?

Problem 31: Result more than twice size of optimal antiderivative.

d-ex?
J X ax
d? + fx?+e2x*
Optimal (type 3, 78leaves, 3 steps):

Log[d-+2de-f x+ex?| Log[d+V2de-f x+ex?]
- +
2+\/2de-f 2+/2de-f

Result (type 3, 182leaves):

(2de+f— —4d2e2+-F2)Ar'cTan[ 2 ex }
o adzerf

JE NV ader: 2

(2de+f+\/W)Ar‘cTan[ 2 ox ]

S aae /[ﬁ

Cader)

\/'F+\/—4d2e2+f2

Problem 32: Result more than twice size of optimal antiderivative.

d-ex?
J — % ax
d> -bx?+e?x*
Optimal (type 3, 70leaves, 3 steps):

Log[d-+/b+2de x+ex?| Log[d++/b+2de x+ex?|
- +
2+b+2de 2+/b+2de

Result (type 3, 190leaves):
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(bfzde+\/b274d2e2)Ar‘cTan[ 2 ex ]
1 o] ~b-r[b2-a d? e?

- +

V2 Vb -adiel Job-br-ader

(b—2de—x/b2—4d2e2)Ar‘cTan[ 2 ex ]
o] ~birfb2-4 g2 e?

bbb ad?e?

Problem 33: Result more than twice size of optimal antiderivative.

d-ex?
J X ax
d? - fx2+e2xt
Optimal (type 3, 70leaves, 3 steps):

Log[d-+2de+f x+ex?| Log[d+V2de+f x+ex?]
- +
2v2de+f 2+/2de+f

Result (type 3, 190 leaves):
(—2de+f+\/m)Achan[ 2 ex ]

\| —Fo -4 d? e f?

- +

oo ader e

-2de+f- —4d2e2+-F2)Ar‘cTan[ 2 ex ]

St awa / (ﬁ

FrE

\/ff+\/—4d2 e? + f?

Problem 38: Result more than twice size of optimal antiderivative.

a+bx?
J dx
aZ+ (71+2ab) x2 + b% x4

Optimal (type 3, 60leaves, 5steps):
[ o

ArcTanh [ 225X ] Ar‘cTanh[&}
V1-4ab _ \/1-4ab
v1-4ab V1-4ab

Result (type 3, 138 leaves):
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(1+\/ 1-4ab ) Ar‘cTan[bix} (—1+\/ 1-4ab ) ArcTan{k}
ffﬂ bf\/ 1-4ab . ~1:+2absy/1-4ab
\/ -1+2ab-+/1-4ab \/ -1+2ab+y/1-4ab
V2-8ab

Problem 39: Result more than twice size of optimal antiderivative.
1+2x2
J —=2X ax
1+bx?+4x*
Optimal (type 3, 62leaves, 5 steps):
ArcTan[Y82=2X]  ApcTan|/4b-ax]

A/ 4+b \ 4+b

- +

4+b 4+b

Result (type 3, 126 leaves):

Ar‘cTan[L} [—4+b+m] Ar‘cTan{iz\/Tx }

b-+/ -16+b? b++/ -16+b?
A2 /16 + b2

(4—b+ -16+b?

Problem 40: Result more than twice size of optimal antiderivative.

1+2x2
J TR gk
1-bx?+4x*
Optimal (type 3, 66 leaves, 5 steps):

ArcTan[N%%?%?i] ArcTan[i%%%?l]
b

4
4-b

4 —
Result (type 3, 134 leaves):

Ar‘cTan[L} [—4—b+m) Ar‘cTan{—Z\/?x }

\| -b-1/ -16+b? | -b+/ -16+b?

2 A/ -16 + b2

(4+b+ -16+b?

Problem 44: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1+2x?
J—dlx
1+3x2+4x*

Optimal (type 3, 38leaves, 5steps):
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Ar‘cTan[%] ArcTan]| 1\}%]

V7 V7
Result (type 3, 97 leaves):

(—]i+\/7) Ar‘cTan[Z—X] (i+ﬁ) Ar‘CTan[zix]
i 1V7) (307

42 1417 42 11417

Problem 45: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1+2x2
J =R ax
1+2x%2+4x4
Optimal (type 3, 48 leaves, 5steps):
ArcTan | 1242 x | ArcTan] 1292 x ]
V3

3

- +

Ve Ve
Result (type 3, 99 leaves):

(—Ji+\/?) ArcTan | 172]:5 ] (i+ﬁ) ArcTan | 1;’;? ]

2 3(17]1\/?) 2 3(1“1\/?)

Problem 46: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1+2x?
J =2 ax
1+x2+4x4
Optimal (type 3, 46 leaves, 5steps):
ArcTan [ 3 ax ’4’(] ArcTan [ V3 ax *4"}
Vs Vs

V5 Vs
Result (type 3, 97 leaves):
(-3i+V/15 ) ArcTan[—2*——] (3i+/15 | ArcTan[—2*——]|

L (1-1v1s) 2 (141715
+
30-301 V15 30+301 V15

Problem 48: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.



Mathematica 11.3 Integration Test Results for 1.2.2.3 (d+e x~2)~"m (a+b x"2+c x~4)"p.nb | 11

1+2x2
j =S ax
1-x2+4x*
Optimal (type 3, 46 leaves, 5steps):
ArcTan| V5 4x “X] ArcTan]| V5 +ax X
V3 V3

V3 V3
Result (type 3, 101 leaves):
(—51‘1+\/15)Ar‘cTan[Z4X] (51’1+\/15)Ar~cTan[2—x]

HESNEY s [1ivis)
\/30(-1-1@) \/39(-1“1@)

Problem 49: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1+2x2
j =X g
1-2x2+4x*
Optimal (type 3, 44 leaves, 5steps):
Ar‘cTan[ﬁ -2 \/TX] ArcTan [\/? 42 \/Tx}
V2 V2

Result (type 3, 99 leaves):

(*311+\E) Ar‘CTan[ﬁ] + (31‘1+\E> APCTan[i,::\/? ]

2 3(-1-11\/?) 2 3(—1+11\/?)

Problem 65: Result more than twice size of optimal antiderivative.
1-2x2

J; dx

1-4x2+4x4
Optimal (type 3, 14 leaves, 3 steps):
ArcTanh[+/2 x|

V2

Result (type 3, 32leaves):

7Log[\/772x} +Log[\/7+2x]
22

Problem 73: Result unnecessarily involves complex numbers and more than
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twice size of optimal antiderivative.
1+ x2
J =0 ax
1+x2+x4
Optimal (type 3, 38leaves, 5steps):

ArcTan [ %] ArcTan [ 1\;2?" ]

V3 V3
Result (type 3, 99 leaves):
(—]i+\/_) Ar‘cTan[—] (i+ﬁ) Ar‘cTan[+]
(1 1\/_) (1+1 \/_)

| 6 —11\/— | 6 1+11\/—

Problem 80: Result more than twice size of optimal antiderivative.
J 1-x2
— dx
1+bx%+x*
Optimal (type 3, 62 leaves, 3 steps):
Log[l—\/Z—b x+x2} Log[1+\/2—b x+x2]
2+/2-b 2/2-b

Result (type 3, 125leaves):
2+b-~/ -4+b? Ar‘cTan[L} 2+b++/ —4+b? Ar‘cTan{L]
oo o el 2]

b-\/ -4+b? b+ -4:b?

Jo e _ S e

V2 aor

Problem 88: Result more than twice size of optimal antiderivative.

1-x2
J =X ax
1-2x2+x4
Optimal (type 3, 2leaves, 3 steps):

ArcTanh [x]

Result (type 3, 19leaves):

1 1
-—Log[1-x]+ —Log[1l+X]
2 2

Problem 92: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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1+3x2

j A

1+2x%2+9x4
Optimal (type 3, 43 leaves, 5steps):
ArcTan [ 1-3x ] ArcTan [ @}

vzl V2

22 22

Result (type 3, 99 leaves):
(—J’L+\/7) ArcTan| —2*—| (]'].-%—\/7) ArcTan| —3*—|

~ N1-2iv2 ~ 1212
2 2(1—211\/7) 2 2(1+2j\/7)

Problem 93: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1+3x2
J =% ax
-1-2x%2-9x*
Optimal (type 3, 43 leaves, 5steps):
ArcTan[*2X]  ArcTan[ 32X ]
vzl vz
22 22

Result (type 3, 99 leaves):
(—J’L+\/7) ArcTan|[ —2*—| (Ji+\/7) ArcTan| —2*—|

) Jiaivz Ji2ivz
2 2(1721‘1\/7) 2 2(1+2j\/7)

Problem 98: Result unnecessarily involves imaginary or complex numbers.
a+bx?
Ji ax
1+x%2+x4
Optimal (type 3, 83 leaves, 9steps):
(a+b) ArcTan[*2%]  (a+b) ArcTan|+2X]
- EN, V3 71(a7b) Log[17x+x2]+£(afb) Log[1+x +x?|
2+/3 2+/3 4 4
Result (type 3, 97 leaves):

(2ia+(-i+V3)b)ArcTan[2 (<i++/3 x| (-2ia+[i+V3]b]ArcTan[? (i++/3)x]

+

6+613 6-6i3
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Problem 99: Result unnecessarily involves imaginary or complex numbers.
a+bx?
ji dx
(1+X2+X"'>2
Optimal (type 3, 1191leaves, 10 steps):
x(a+b- (a-2b)x?) (4a+b)ArcTan[*2]

- +

6(1+X2+X4> 12\/?
(4a + b) ArcTan [ 1*2"]
\3

! (2a-b) Log[1-x+x?] Lt (2a-b) Log[1+x+x?]

12\/? 8 8
Result (type 3, 147 leaves):
x (a+b-ax?:2bx) ((-11j+\/?) a-2 (_2j+\/?) b) ArcTan|[? (_]'H\/?) x|

6 (1+x%+x) 616613
((114+V3 ) a-2(2i+V3 | b] ArcTan[2 (i +V3 ) x]

6/6-61+3

Problem 100: Result unnecessarily involves imaginary or complex numbers.
a+bx?
Ji dx
2+ x>+ x4

Optimal (type 3, 234 leaves, 9 steps):

1\/ 1 (71+2\E) (a+\/?b)Ar'cTan[
2 14

3\/£(1+2\/?) (a+\/?b)Ar‘cTan[ “1+2V2 +2X},

21 14
1+2v2
(a—\/?b) Log[\/?—\/—1+2\/? X+ x| (a—\/?b) Log[\/?+\/—1+2\/7 X+ x|
4 2(71+2ﬁ) 4 2(71+2ﬁ)

Result (type 3, 111 leaves):

(—21‘1a+ (Ji+\/7) b) ArcTan|[ ——>*——| (21‘1a+ (—Ji+\/7) b) ArcTan|[ ——>*——]
e 7]

14-141 7 14+14i~7
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Problem 101: Result unnecessarily involves imaginary or complex numbers.
a+bx?
Ji dx
(2+X2+X"'>2
Optimal (type 3, 316 leaves, 10 steps):

X (3a+2b- (a-4b)x?)
28 (2+x%+x*)

1\/1(1+2\/7) ((11*\5)67(274\/7)b)Ar‘cTan 1+2\/?72X
56 14

LJL(—nzﬁ) ((12-V2)a-(2-4+/2 ) b] ArcTan] 1+2ﬁ+2x .
56 1\ 14

(11a+\/7(a—4b)—2b) Log[\/?—\/—1+2\/7 X+ x2]
112 2(71+2ﬁ)

+

([11+v2)a-2(b+2V2 b)| Log[V2 +1/-1+2V2 x+x?]
12 [2(-1+22)

Result (type 3, 165leaves):
((231‘1+\/7)a74(2j1+\/7) b) ArcTan| ——2>——]

—ax (-3+x%) +2b (x+2x3) (T
28 (2+ %%+ x*) )

28+/14-14i+/7

((—231’1+\/7) a-4 (—21’1+\/7) b) ArcTan| ——>*——|
e

28\/14+141 V7

Problem 102: Result unnecessarily involves imaginary or complex numbers.

V2 - x2
J—dlx
1-/2 x2+x*

Optimal (type 3, 160 leaves, 9 steps):
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Ar‘cTan[liz* 2 -2x ArcTan[Ez* 2 +2x ]
- - + -

2+/2++/2 2+/2++/2
S Log[l—\/2+\/?x+x2]+1 1+

4 2 4 V2

a

Log[1+\/2+ﬁ X+X2}

Result (type 3, 53 leaves):
2V x 1/4 X _2Y%x 1/4 X
V-1-1 Ar‘cTan[ ] V-1+1 ArcTan|[ 2]

-1+1

23/4

Problem 103: Result unnecessarily involves imaginary or complex numbers.

dx

J V2 o+ x?
1+\/7X2+X4

Optimal (type 3, 172leaves, 9 steps):

Ar‘cTan[@L 2 ’2’(] Ar‘cTan[@L 2 *ZX}
V2+\E 2+

— + —

2y2-+/2 24/2-2

1 /1—i Log[l—\lz—ﬁ x+x2]+1 1—L Log[1+\/2—ﬁ x+x2}
4 \/7 4 \/?

Result (type 3, 53 Ieaves) :
V1-i ArcTan[ } V1+i Ar‘cTan[z/X]

+1

5

23/4

Problem 106: Result unnecessarily involves imaginary or complex numbers.
2a-x?
Ji dx
a?-ax®+x*

Optimal (type 3, 114 leaves, 9 steps):

2x .2
7Ar‘cTan[\/?—ﬁ] +Ar‘cTan[ 3 ﬁ} )

2+/a 2+/a
V3 Logla-+/3 Va x+x?] /3 Log[a++/3 Va x+x?]
+

4+/a 4+/a
Result (type 3, 115leaves):
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1 ) ) (1+J'1)X
——(-1)Y* i +V3 (3i++/3 ] ArcT +
zﬁv?< | [ | e [Ji ﬁra]

(1+1) x

—i+4/3 (—31’1+\/?) ArcTanh| ——"——
Vi+V3 Wa

]

Problem 107: Result unnecessarily involves imaginary or complex numbers.

dx

J 2+/a -x2

a-+a x%+x4
Optimal (type 3, 122leaves, 9 steps):
ArcTan[+/3 - 2%]  ArcTan[+/3 + 2|

_ ay/t atl
2al/4 2 gl/4
\/?Log[\/?—\/?al/“xmz} \/?Log[\/?+\/?a1/4x+x2}
4 31/4 v 4 3l/4

Result (type 3, 115leaves):

_\m (3jl+\/?) Ar‘cTan[&} *
i3 al/e

}

1

2+/6 al/4

_1)1/4

<1+]'1) X

~i++/3 (—3]1+\/?) ArcTanh|[ ———"——

Problem 108: Result unnecessarily involves imaginary or complex numbers.
2b2/3 4 x2
J dx
b%4/3 + b2/3 x2 + x4
Optimal (type 3, 124 leaves, 9steps):

b'/3-2x b1/3+2 x
V3 ArcTan| e | /3 ArcTan| Ny ] Log[b?3 b3 x+ x2|  Log[b?/3 + b'/3 x + x2]
2b1/3 2b1/3 N 4b1/3 - 4b1/3

Result (type 3, 115leaves):

1

2+/6 b3

(1+1) x

ie\/3 b1

1) YA A —i 3 (—311+\/?>Ar'cTan[ ]-

(1+]'L) X

A —i+A/3 b3

143 (3i++3 ) ArcTanh|
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Problem 109: Result unnecessarily involves imaginary or complex numbers.
A+Bx?
Ji dx
a?-ax?+x*
Optimal (type 3, 136 leaves, 9steps):

(A+aB) ArcTan[+/3 - ZW_X] (A+aB) ArcTan[+/3 + 2% |

) 2332 T 2232 a

(A-aB) Log[a-+V3 +a x+x?|] (A-aB)Logla++/3 Va x+x?]

4+/3 a3/2 " 4\/?5'3/2

Result (type 3, 1301leaves):

1 -1 1/4
6 a3’/?

. . 1+1) x . . 1+1) x
(—211A+ (—11+\/?) aB) Ar‘cTan[ﬁ%ﬁ)—ﬁ] ) (2]1A+ (11+\/?) aB) Ar‘cTanh[—ji\/;ﬁ)—\/?
—i+~/3 i+3

Problem 110: Result unnecessarily involves imaginary or complex numbers.
A+Bx?
J— dx
a-va x2+x*
Optimal (type 3, 160 leaves, 9 steps):
(A+/a B ArcTan[V3 - 24]  (A++/a B ArcTan[V/3 + 2% ]
+

a1/4 al/4

2a%4 2 a3/4
(AfﬁB) Log[va -3 a4 x+x?] (Afx/?B) Log[Va +/3 al/*x+ x?]
+
4+/3 a¥4 4/3 a¥/4

Result (type 3, 138leaves):
~2iA+ (-i++V3)a B|ArcTan| 2l
L) [z ) V= ¥) i 2

3/4
Ve a INES

1

(2iA+ (1++/3 ) Va B) ArcTanh [ il

Y, ]'l+\/? al/4

J'l+\/?
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Problem 111: Result unnecessarily involves imaginary or complex numbers.

A+Bx2
J dx
a-vac x*+cx*
Optimal (type 3, 414 leaves, 9steps):

(\/?B+A\/?)Ar\c'ran[m—2 cx] (\/?B+A\/C_)ArcTan{m*z cx]

2+/a v J2va Ve -vac 2+/a Ve \J2va Ve -Vac
[a- 2] Log[Va -\/2v/a Ve +v/ac x+ve ¥
ava \2+a Ve i ac +
[a- 22 Log[Va +1/24/a Ve +ac x+ Ve X]

a~a \2+a Jc «Vac
Result (type 3, 247 leaves):

(V3 VaBvc -i(2Ac+BVac || ArcTan| —— ]
V-1v3 va Ve ac

Ve Vac J-iV3 Va Ve -vac

(\/?\/?B\/c_ﬂi(2Ac+B\/ac))Ar'cTan[ 2 e x
Vi3 Va e vac

Vi3 va Ve -vac

Problem 112: Result unnecessarily involves imaginary or complex numbers.

A+ Bx?
[ a
a-va Ve x2+cxt
Optimal (type 3, 234 leaves, 9 steps):
(Va B+avc ) ArcTan[/3 - 2<7%]  (Va B+A+c | ArcTan[V/3 + 297 ]

al/4 al/4
- 2 33/4 c3/4 2 33/4 c3/4 N
(A - L}B) Log[Va -3 a4 c¥4x++/c x?] (A— L}B) Log[vVa +/3 a4 4 x++/c x|
c C
+
4 \/? 33/4 cl/4 4 \/? 33/4 cl/4

Result (type 3, 163 leaves):



20 | Mathematica 11.3 Integration Test Results for 1.2.2.3 (d+e x~2)"m (a+b x"2+c x~4)~p.nb

((-i+v3 ) Va B-2ia/c ) ArcTan[ —deiicic x
_1)\1/4 —ieV/3 al/4

3/4 (3/4
V6 a¥/4c¥ —i+n3

1

((fH\/?) \/?B+21‘1A\/?) ArcTanh[M]

/3 al/4

Ji+\/?
Problem 113: Result unnecessarily involves imaginary or complex numbers.

3 - x?
J T
V3+x2-xt
Optimal (type 4, 96 leaves, 4 steps):

1 1
= (-1++/1 EllipticE [ArcSin| = 13 H +
6

\/7+2+/13 EllipticF[ArcSin|

x],é( 713 )]

1++13
Result (type 4, 103 leaves):
1 . N . 2 1
- i | (1+ /13 ] EllipticE[i ArcSinh[ | ——— x|, ~ [-7+V13]] -
~1+4/13 6
2 (1+13]
(-5++/13 ) ELlipticF[i ArcSinh| 2y, (-7+13 ]
VI3 6

Problem 114: Result unnecessarily involves imaginary or complex numbers.
3 - x?
J— dx
V3+2x2-x4
Optimal (type 4, 25leaves, 5 steps):

. . . X . . . X
-EllipticE [Ar‘cSm [ 7} y - 3} +4 E1llipticF [Ar‘c51n [ 7] 5 — 3]
V3 V3

Result (type 4, 19 leaves):

1
-i+/3 EllipticE[iArcSinh[x], - =]
3
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Problem 115: Result unnecessarily involves imaginary or complex numbers.
J 3 - x?
— dX
V3+3x2-x*

Optimal (type 4, 96 leaves, 4 steps):

1 1
= EllipticE [ArcSin| = 21 M +
2 2

\/9+2+/21 EllipticF[ArcSin|

1
3+\/H x],;(S \/_H

Result (type 4, 103 leaves):

— [(3“/21 | E1lipticE [i ArcSinh| 2, % (-5+v21)] -
2<3+\/21) S3eva
(-3++/21 ) EllipticF[i ArcSinh| e (-5++/21 )]]
-3++/21 2

Problem 116: Result unnecessarily involves imaginary or complex numbers.
J 3-x? 4
- dX

Optimal (type 4, 92 leaves, 4 steps):

1 1
- E111pt1cE Arc51n g 13 )} +
2 1. F 6

s+ 213 EllipticF[arcsin| | — > x], = (-7+V13]]
- +\/§ 6
Result (type 4, 107 leaves):
- ! i |(-1++13 | EllipticE[i ArcSinh| 2], LB
1++/13 6 6
2 (-14/13) :
(-7++/13 ) EllipticF[i ArcSinh| A
113 6 6
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Problem 117: Result unnecessarily involves imaginary or complex numbers.
3 - x?
j— dx
V3-2x2-x4
Optimal (type 4, 27 leaves, 4 steps):

1 1
-~/3 EllipticE[ArcSin(x], - —| +2+/3 EllipticF|ArcSin[x], - —]
3 3

Result (type 4, 35leaves):

. . . . X . . . . X
-i |EllipticE[i ArcSinh|——], -3] + 2 E1lipticF i ArcSinh[—], -3]

V3 V3

Problem 118: Result unnecessarily involves imaginary or complex numbers.

J 3= o
V3-3x2-x*
Optimal (type 4, 92 leaves, 4 steps):

1
V21 | EllipticE [ArcSin| = Var )]«
~34+4/2 2

\/3+2+/21 EllipticF[ArcSin|[ | ——— x], : (—5+\/21 )]
—3+\/H 2

Result (type 4, 107 leaves):

- ! i|(-3++/21 ) EllipticE[i Arcsinh| 2y, 2 AR
\| 34421 2 2
2 (-3++21) SV

2 5 /21
3+4/21 2 2

(-9++/21 ) EllipticF[i ArcSinh|

]

Problem 119: Result unnecessarily involves imaginary or complex numbers.

jb—\/b2—4ac +2cx?
Vva+bx?+cx?t

Optimal (type 4, 296 leaves, 3 steps):

dx
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2+v/c xVa+bx?+cx? 1
va +vVc x? Vva+bx?+cx*

a+bx2+cxt 174 x

(Va +e =)

2- b ]]+

Va Ve

1
]’Z

EllipticE[2ArcTan|

2 gl/4 c1/4 (\/;Jr\/?xz)

a1/4

a+bx?+cx?

[b+2\/?\/?—x/b2—4ac)(\/?+\/c_x2) (\/_ e )2
a +Vc x?

1/4

EllipticF[2ArcTan|

b
2 ]] /[2a1/4c1/4«/a+bx2+cx4

VAT

1
[P

al/4

Result (type 4, 187 leaves):

1 C b+Vb2-4ac +2cx?
- —21+Y2 a * *
Va+bx?+cx? b+vVb2-4ac b+Vb%2-4ac

2 /b2 -
10— 2% Elliptice[i Arcsinh[vZ ‘ ], 2ryb-dac

X
b-+vb2-4ac b+vb2-4ac b-+vb%-4ac

Problem 150: Result unnecessarily involves imaginary or complex numbers.

(d +ex2)4
Ji dx
Vva+cx*
Optimal (type 4, 388 leaves, 6 steps):
92(42cd2—5aez)xx/a+cx4 4de3x3/a+cx?
21 c? 5c

e*x*Va+cx* 4de(5cd’-3ae?)xVa+cx? 1
N

+

7c 5C3/2(\/?+V?X2) 5c’/*a+cx?

4 1/4
4al’4de (5cd2—3ae2) (ﬁ+ﬁxz) _axex EllipticE[ZAr‘cTan[c X}, 1] +
(Va «ve )’ a2

(1@5c2d4+4ze\/?c3/2d3e-210acd2e2-252a3/2\/?de3+25a2e4) (\/a_+\/?xz)

a+cx?

o e e

1/4
EllipticF[ZAr‘cTan[C X], 1} /(210a1/4c9/4xla+cx4

a1/4 2

| 23
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Result (type 4, 298 leaves):

e? x (—25a2e2+2ac <105d2+42dex2—5e2x4> +3c2x? (70d2+28dex2+5e2x4)) -

Va

c4
1+

a

Problem 151: Result unnecessarily involves imaginary or complex numbers.

J(d+exz)3
Vva+cx?
Optimal (type 4, 326 leaves, 5 steps):
de?xVarcx* ex*/arcx* 3e(5cd’-ae’)xVa+cxt 1
+ + -
c 5c¢ 5¢3/2 (\/?+\/?x2) 5c7/4a+cxt
4 1/4 1
3a%e (5cd>-ae?) (ﬁ+ﬁx2) _arex EllipticE[zArcTan[c X}, =]+
(\E+\Ex2)2 at/t 2
1 5+/c d(cd?-ae?
al/4 [15cd?e-3ae’+ ( )
10c’*~a+cx* Va
4 1/4 1
(\/?+V?x2) Lz EllipticF[ZAr‘cTan[C 1/4)(], =]
(\/?+\/?x2) a 2

Result (type 4, 235leaves):
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e \/?e2x<5d+ex2) (a+cx?) -
\ Va

4 .
3\/?e(—5cd2+ae2) 1. % EllipticE[i ArcSinh| iVe x|, -1] +
a \/?
cx*

(—5Jic3/2d3—15\/?cd2e+5Jia\/?de2+3a3/2e3> 1+

EllipticF[i ArcSinh| jl\/_\/? x|, -1] / 5 jv_\/? 2 Ja+cx?
a a

Problem 152: Result unnecessarily involves imaginary or complex numbers.

j(d+ex2)2 ix

Va+cx?t
Optimal (type 4, 264 leaves, 4 steps):
e2x/a+cx? 2dexVa+cx* 1

+ _
3¢ \E(\/?+\EX2) 34 a+cx?
4 1/4
2at%de (\/;+\Ex2) arex Ellip‘cicE[ZAr‘cTan[c X}, 1] +
(\/?+\/?x2)2 at/* 2
a+cx?
(3cd2+6\/?\/?de—ae2) (\E+\Ex2> —
(\/?Jr\/?xz)

1/4
EllipticF[ZAr‘cTan[C X], l} /(Gal/“cs/“x/a+cx4

a1/4 2

Result (type 4, 195leaves):
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. 4 .
e e’x (a+cx*) +6+a \/c de 1+ % EllipticE[i ArcSinh| ive x|, -1] +
Vv . v

a .
i(-3cd®+6iva Voderael 1+ <% EllipticF[i ArcSinh| ive x],l]]/[3

@ Va
ive T
\ Va

Problem 153: Result unnecessarily involves imaginary or complex numbers.

d+ex?
J SrEX ax
Va+cx?
Optimal (type 4, 226 leaves, 3 steps):
exva+cx?
Ve (\/a_ Ve xz)

a1/% o (\/?Jr\/?xz) \/%EllipticE[ZAr‘cTan[%], 7] .

+

c34a+cxt 2c34a+cxt
4 1/4
at/4 [\/?d +e (\/?+\/?x2) _arex EllipticF[ZAr‘cTan[C X], l}
a (Va «ve %) att 2
Result (type 4, 131 leaves):
4 .
1+ |\/a eEllipticE[i ArcSinh| ive x|, -1] +
a Va
(—i\/?d—\/?e) EllipticF[i ArcSinh| ie x|, -1] / iVe Ve yJa+cxt
Va Va

Problem 154: Result unnecessarily involves imaginary or complex numbers.

1
dx
J(d+ex2) va+cxt

Optimal (type 4, 334 leaves, 3 steps):
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Ve arcran] e et [V e ) [t entpuier 2areran] 2],
+

2+/d Vcd?+ae? 2a”4(vz_d—v3_e)Va+cx4
2
a3/4[\/?d+e (\/?Jr\/?xz) L
a (Va e )’
V?d—\/;e 2 1/4
EllipticPi[( ) ,2Ar‘cTan[c X}, 1] /[4c1/4d(cd27ae2> \Ja+cxt
4+/a Jc de al/4 2

Result (type 4, 95 leaves):

i [1+ = Ellipticpi[- S, arcsinh| % x|, -1]
C a
[ avaror
a

Problem 155: Result unnecessarily involves imaginary or complex numbers.

1
dx
J(dJrexz)Z\/m

Optimal (type 4, 581 leaves, 6 steps):
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Ve exVa+ex?
+
2d <cd2+ae2) (\/?+\/?x2)
e (3cd?+ae?) ArcTan _ediact x
e2xVa+cxt ( : ) [\/?\/?x/amx“]
+ +

2d(cd2+ae2) (d+ex?) 4 d3/2 (cd2+ae2)3/2

C1/4X 1

4
al/4 (1/4 o (\/?+\EX2> oarex EllipticE[2ArcTan| 1> =] /
(Va « Ve )’ avt o2

v/ (Va + e %) ﬁ ELLipticF [2ArcTan[ <X ], 1]

+

[2d(cd2+ae2) yJa+cx?

2at4d (\/?d—\/?e) Vva+cxt

(\/?d+\/?e) (3cd®+ae?) (\/?+\/?x2) L‘tz
N

(V?d—\/;e)z cl/4 1
) ZAPcTan[ -

ava c de et /
[Sal“‘cl/“d2 (\/?d—\/?e) (cd2+ae2) w/a+cx4)

Result (type 4, 522 leaves):

EllipticPi[-
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! de?x+ cde?x® -
2 /mdz(cd2+ae2) (d+ex2> arcxt
Va
4 .
va Vc de (d+ex?) [1+ € X EllipticE|i ArcSinh| ive x|, -1] +
a \/?
4 .
Ve d ( Ve d \/—e) (d+ex?) 1. X EllipticF [i ArcSinh| Ve x|, -1] -
a \/?
3icd® j\/;e,]iAr'cSinh[ Ve x], -1] -
Ve d Va
iade? EllipticPi| @, i ArcSinh| i x|, -1] -
Ve d JVa

3icd?ex? j\/;e,JiAr‘cSinh[ . x|, -1] -
Ve d Va
iae3x? jm/;e,iAr‘cSinh[ ive x|, -1]
Ve d Va

Problem 156: Result unnecessarily involves imaginary or complex numbers.

dx

1
J(d+ex2)3\/m

Optimal (type 4, 729 leaves, 7 steps):

| 29
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3\/?e(3cd2+ae2)xx/a+cx4 e2xa+cxt
- +
8 d2 (cd2+ae2>2(\/?+ﬁx2) 4d (cd®+ae?) (d+ex2)2

+

3Ve (5c2d*+2acd?e?+a?e?) Ar‘cTan[@

3e2(3cd2+ae2)xx/a+cx4 x/d_\/?x/amx"}
N

+

8 d2 (cd2+ae2>2<d+ex2) 16 d5/2 (cd2+ae2)5/2
. a+cx?t L. c/4x, 1
3al/4cl/%e (3cd2+ae2) (\/?+\Ex2> _— E111pt1cE[2Ar‘cTan[ }, —] /
(\EJr\/?xz)z at/* 2

+

(Sd2 (cd2+ae2)2\/a+cx4

cl/4 (4cd27\5ﬁde+3ae2) (\/?Jr\/?xz)\l

a+cx?

(\Eﬂﬁxz)z

C1/4X

: B ; /(8a1/“d2 (\/?d—\/?e) (cd®+ae?) m)_

EllipticF |2 ArcTan|
al/

a+cx?

3<\/?d+\/?e) (5c2d4+2acd2e2+a2e4) (\/?+V?x2) _—
(ﬁ+ﬁx2)2

(\/?d—\/XE) B ZAPcTan[C1/4X}, l] /

4+/a \/c de at/4 2
(32a1/“c1/4d3 (\/?d—\/?e) (cd2+ae2>2xla+cx4

EllipticPi[-

Result (type 4, 332leaves):



Problem 157: Result unnecessarily involves imaginary or complex numbers.
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dezx(a+cx4> (aez<5d+3ex2)+cd2(11d+9ex2)) 1
+

(d+ex2)2 i<

NEY

cx*

1+

a

i|Ved (7c3/2d379]‘L\EcdzeJra\Edeszja3/2e3)

ive
\a

EllipticF[i ArcSinh| x|, -1] -3 (5c2d*+2acd’e®+a’ e

ive
\a

iva e
EllipticPi[- L, i ArcSinh|
Ve d

j(d+ex2)3 ix

Vva-cx?*

Optimal (type 4, 213 leaves, 8 steps):

de?xva-cx* e3x?+/a-cx*
- +

3/4[5\/?d(Cd2+ae2)
a

c 5c
3a°%e (5cd?+ae?) [1- << EllipticE[Ar‘cSin[cl/#}, -1]
a al/4 1
4
5c7/4+/a_cx? 5c’/4+a-cx*

c X4 C1/4 %
1- —— EllipticF[ArcSin|

—3e(5cd2+ae2>

Va

Result (type 4, 232leaves):

x|, -1] /(Sd3 (cd2+ae2)2x/a+cx4

3 al/a ]’ _1}

| 31
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4
3ia e (Scdrae?) [1- " EllipticE[i ArcSinh| Je x|, 1] +
a Va

c x4
i (—5c3/2d3+15\/;cd2e75a\/?de2+3a3/2e3) 1- —

EllipticF|i ArcSinh| —% x|, -1] / 5 Ve 2 Ja-cx*
a

Problem 158: Result unnecessarily involves imaginary or complex numbers.

(d+ex?) 2
Ji dx

Va-cx*
Optimal (type 4, 162 leaves, 7 steps):

4 . . . 1/4

e2xa ot 2a34de ﬁ EllipticE [ArcSin| cal//:‘ ], -1] .

_ N )
3c c34va-cx* 3¢5/4a_cxt

x4 cl/4 x
4174 (3cd2_6ﬁﬁde+ae2) l1- " EllipticF[ArcSin| a1
a a

Result (type 4, 192 leaves):

/ 4 /
Ve e’x (-a+cx*)-6i+/a Vc de 1—iEllipticE[iAr‘cSinh[ _ve x|, -1] -
Va a Va

4
j(3cd2—6\E\Ede+ae2) 1—iEllipticF[jAr‘cSinh[ —£ x},—l} / 3
a \/?
7£ c+a-cx*
Va

Problem 159: Result unnecessarily involves imaginary or complex numbers.
d+ex?
J— dx
Vva-cx?
Optimal (type 4, 124 leaves, 6 steps):
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4 . . . 1/4
a¥%e [1- % EllipticE [ArcSin| “al—mx] , -1]

4

c3/4+a-cx

ad/4 (@ —e) [1- EllipticF[Ar‘cSin[&} , 1]
Va a al/4

c3/4 a—cx4

Result (type 4, 127 leaves):

4
i [1- 25 |Va eEllipticE[i Arcsinh| |- —— x], -1] +

2 Va

Ve Ve V2
Ve d-+/a e] EllipticF|1i ArcSinh| |-—— x|, -1 Va (——] \Ja-cx?
| et W /[ vz

Problem 160: Result unnecessarily involves imaginary or complex numbers.

dx

J 1
(d+ex?) Va-cx?*

Optimal (type 4, 72leaves, 2 steps):

al/4 [1- <% Ellipticpi[- 2, Arcsin| €2X], _1]
a \Ed al/4
cVidacxt
Result (type 4, 91 leaves):

i [1-< EllipticPi[- Y22, j Arcsinh| |- L& x], -1]
a AJec d W\ a
|_Je g /a-cx?
\V a

Problem 161: Result unnecessarily involves imaginary or complex numbers.

J ! dx
(d+ex2)2 a-cx4

Optimal (type 4, 299 leaves, 10 steps):
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3 A x
N s a¥4cl/%e [1- < EllipticE[ArcSin[< X o ], -1]

2d (cd?-ae?) (d+ex?) Zd(cdz—aez)m

al/4cl/4 [1- <X EllipticF AI"CSln[ x ], -1]
a1/4

(\/—d+ )m

at/4 (3cd?-ae?) [1- ca%d EllipticPi[—%, Ar‘cSin[%], -1]

2c'%d? (cd?-ae?) Va-cx?

Result (type 4, 508 leaves):

1
-a —£de2x+ /—E cde?x®+
2 /73% dz(cdzfaez) (dJrexz)\/afcx4 Va Va

4
iva < de(drex?) |1- " EllipticE[iArcSinh| _Ye x|, -1] -
a \/?
4
iod(-Vcdiae| (drex?) [1- = Elliptick[iArcSinh| _Je x|, -1] -
a \/?
4
3icd [1- EllipticPi[—@, i ArcSinh]| Ye x|, -1] +
a Ve d Va
4
iade? [1- EllipticPi[—@, i ArcSinh| Ye x|, -1] -
a Ve d Va

cx* . Aae Ve

EllipticPi[- ——, i ArcSinh[ [-— x], -1] +

a Ve d Va

cx* ae c
iaelx? |1- % EllipticPi[—L, i ArcSinh| —£ x|, -1]
\ a Ve d Va

Problem 162: Result unnecessarily involves imaginary or complex numbers.

3icd’ex® [1-

dx

J 1
(d+ex2)3 a-cx*

Optimal (type 4, 425leaves, 11 steps):
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e2xa-cx4 3e? (3cd’-ae?) xvVa-cx?

4d<cd2—ae2) (d+ex2)2 8 d? (cdz—ae2)2<d+ex2)

3a¥4c%e (3cd?-ae?) [1- < Elliptick[Arcsin[ < X], -1]

8 d? (cdz—aez)2 a-cx4

al/4 ct/4 <7cd2—2\/a_Vc_de—3ae2)

c x4 o . cl/4x
- EllipticF [ArcSin| o |, -1] /

+

[Sd2 (\/?d+\/?e) (cd®*-ae*)yJa-cx*

3a% (5c®d*-2acd®e®+a’e?)

4 1/4
1- % Ellipticpi[- ﬁe, Arcsin| 21, -1] /
a \Ed a1/4

(Scl/“d3 (cdzfaez)leafcx4

Result (type 4, 321 leaves):

dezx(a—cx“) (aez<5d+3ex2)—cd2(11d+9ex2)) 1
(d+ex2)2 N
e

cx*
1-—— |3+a Vc de(-3cd?+ae?) EllipticE[i ArcSinh|
a

ae
3(5c*d*-2acd?e?+a’e?) EllipticPi[—L, i ArcSinh|
Ve d

(Sd3 (cdz—aez)zwa—cx“)

Problem 163: Result unnecessarily involves imaginary or complex numbers.

j 1 dx
(d+ex2)4 a-cx4

Optimal (type 4, 563 leaves, 12 steps):
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e2xa-cx4 5e?(3cd’-ae?) xvVa-cx?

6d <cd2—ae2) (d+ex2)3 24 d? (cdz—aez)2 (d+ex2)2

e? (29c2d4—14acd2e2+5a2e4) xVa-cx*

16 d3 <cd2—ae2>3 (d+ex2)

c x4 cl/4 x
1- —— EllipticE[ArcSin| ], -1] /

a4 ct4e (29 c?d*-14acd?e?+5a? e4)
a al/4

(16d3 (cdz—aez)Bw/a—cx4

al/4 /4 (57c2d4—30\/a c3?2d3e-32acd?*e?+10a*2+/c de?+15a? e4)

cl/4 x

EllipticF[Ar‘cSin[ +

], -1] /(48d3(\/?df\ge)2(\/?d+\ge)3m

a1/4

al/* (35c>d®-7ac?d*e?+17a’ cd’e* - 5a% e

1/4
EllipticPi}@, Ar‘cSin[C X}, -1] / [16 ct4d* (cd?-ae?)’+[a-cxt )

\E d a1/4

Result (type 4, 458 leaves):
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1

48 d*a-cx*

7((de2x(a7cx4) (8 (cd3fade2)2+10d (cdz,an) (3cd27ae2) <d+ex2) +3 (29c2d47

Lacd e’ +5a%e’) (dvex?)?)| /((cd®-ae?)® (drex’)’]) -

1 cx*
i [1-— 3\/?\/?de(29c2d4—14acd2e2+5a2e4)
a
_ye (7cd2+ae2)3
Va
C
EllipticE i ArcSinh| —£ x|, -1] +
Va
e d (57c5/2d5—87\/?c2d4e—2ac3/2d3e2+42a3/2cd2e3+5a2\Ede4—15a5/2e5)
. . . . \E 3 46 2 44 o2 2 2 4 3 46
EllipticF[iArcSinh| |- — x|, -1] +3 (-35c%d°+7ac’d*e?-17a’cd’ e+ 5a° e°)
Va
ae C
EllipticPi[—L, i ArcSinh| Je x|, -1]
Ve d Va

Problem 164: Result unnecessarily involves imaginary or complex numbers.
d+ex?
J ~ETEY ax
Optimal (type 4, 126 leaves, 6 steps):

a¥%e |1- < Elliptick[arcsin[<*], -1]

34 -a+cxt
a3/ (@—e) [1- < EllipticF[Arcsin[ %], —1]
Va a al/4
¥4 —a+cxt

Result (type 4, 128 leaves):
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4
i [1- 5" |Va eEllipticE[i ArcSinh[ |- Ve x|, -1] +
a \/;

(\/?d—\/;e) EllipticF[i ArcSinh| —% x|, -1] /[\/? (—%] A —a+cx?t

Problem 165: Result unnecessarily involves imaginary or complex numbers.

1
dx
J(d+ex2) \V-a+cx?t

Optimal (type 4, 73 leaves, 2 steps):

al/4 [1- < Ellipticpi[- 3¢, Arcsin[ €2X], —1]
a \Ed a1/4
ct’4d+/-a+cx?
Result (type 4, 92 leaves):

i [1-< EllipticPi[- Y22, j Arcsinh| |- L& x], -1]
a e d Va
e gVCarcex®
\ Ve

Problem 166: Result unnecessarily involves imaginary or complex numbers.

J\/;+\/?X2cﬂ
—————dx
Vv-a+cx?

Optimal (type 4, 54 leaves, 3 steps):

a¥4 [1- <% EllipticE [ArcSin| &] , -1]
a al/4
Ve Tarxd
Result (type 4, 78 leaves):

ive /1—%‘4 EllipticE[i ArcSinh| l—% x|, -1]

(—%)3/2\/—a+cx4
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Problem 167: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1+ | i X2
J\/ —a+cx?
Optimal (type 4, 52 leaves, 3 steps):

E E1lipticE [ArcSin| (i) Y], 1]

1/4
(9) V-a+cxt

a

dx

Result (type 4, 142leaves):

. cx* c e )
1 |1-—— \/? 7E111pt1cE[1Arc51nh[ -
a a
Ve

(\/c_-\/? EJEllipticF[iAr‘cSinh[ -— x|, 1}]]/ [x/? [__]mm]

Ve

Va

X}, —1] +

Va

Problem 168: Result unnecessarily involves imaginary or complex numbers.

d+ex?
Ji dx
V-a-cx*
Optimal (type 4, 236 leaves, 3 steps):
exV-a-cx*
e (\E+\/?x2)
al/4e (\/?+\/?x2) —asex® - EllipticE[ZAr‘cTan[—cl’/ax], ]
(\/?+FX2) al/4 2 1
N
34 Ca o 2¢34/-a-cxt
d 4 1/4 1
al/4 [\/? +e (\EJr\/?xz) # Ellip‘cicF[ZAr‘cTan[C 14X], =]
a (\/a—+\/?xz> at/ 2

Result (type 4, 134 leaves):
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cx*

1+

Va eEllipticE[i ArcSinh]|
a

(—Ji\/?d—\/;e) EllipticF[i ArcSinh| iVe x|, 1}] /{ i\/\/_? Ve i/-a-cx?
\ Va

Va

Problem 169: Result unnecessarily involves imaginary or complex numbers.

dx

J‘ 1
(d+ex?) V-a-cx?

Optimal (type 4, 347 leaves, 3 steps):

cdae? 1/4 2 arcxt R rx] o1
\/?Ar'cTan[ﬁJ\/; a,:,cxxz; I (\E+\Ex ) N EllipticF[2ArcTan| . ], 2]
v +

2+d V-cd?-ae? 2a1/4(\/?d—\/?e)\/—a—cx4
2
a3/4[\/?d+e (\/?Jr\/?xz) L
a (\/?Jrﬁxz)z
\/?d—\/;ez 1/4
EllipticPi[—( ),ZAr*cTan[c X},l] /[4c1/4d(cd2—ae2> x/—a—cx“)
4-/a \Jc de at/4 2

Result (type 4, 98 leaves):

i 149 Ellipticpi[- 222, § Arcsinh[ | L& x], -1]
a e d Va
[ gy e o
a

Problem 171: Result unnecessarily involves imaginary or complex numbers.

1
dx
J(a+bx2) Va4 +5 x4

Optimal (type 4, 310leaves, 3 steps):
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/b ArcTan _fsatant x
{\/?x/FW/msw‘ ]
N

2+/a V/5a2+4b?
a 1/4
5l/4 (\/?a+2b) (2+\/?x2) sz Ellip‘cicF[ZAr‘cTan[5 X], 1} /
(2445 2] V22

(2\/7 (5a%-4b%) +/4+5x*

(\/?a+2b)2 (2+\/?x2) —————— EllipticPi|- , 2ArcTan| 1, =]
(2+\/?x2)2 8+/5 ab V2 2

(4\/751/4a (5a%-4b2) \/4+5x*

Result (type 4, 50 leaves):

445 x4 (\/?a—Zb)z 51/4 1 /

(24 2] EllipticPi|- ue, i Arcsinh[ (L4 2] s14x], 1]

51/4 a

Problem 172: Result unnecessarily involves imaginary or complex numbers.

1
dx
J(a+bx2) Va-dx*

Optimal (type 4, 40leaves, 1 step):

E1lipticPi|- Zj’?, ArcSin[%], -1]

a

A2 adt4
Result (type 4, 59 leaves):

i EllipticPi{—z—\bW, i ArcSinh]| '\/?d ], -1]
a
V2 an -+d

Problem 173: Result unnecessarily involves imaginary or complex numbers.

1
dx
J(a+bx2) Vadx*

Optimal (type 4, 300 leaves, 3 steps):
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\/FAr‘cTan[L“z*azd | vt (2+4d X2 Fﬁ’iz)zEllipticF[ZArcTan[%], 7]

\/?\/Fx/éhdx“
- +
2+/a Vab?+atd 2ﬁ(2b—ax/?)x/4+dx4
4 2b—a\/?2 1/4
(2b+a\/?) (2+\/d_x2) $EllipticPi[—¥,2Ar‘cTan[d X},l}/
2

(2+\/FX2)2 8ab+/d 2

(4ﬁa (Zb-aﬁ) d4 /4 +dx*

Result (type 4, 65leaves):

i EllipticPi|- Zr; jArcSinh[l@], -1]
a
vz ariva

Problem 174: Unable to integrate problem.
J\/a+bx2

1-x4

dx

Optimal (type 4, 112leaves, ? steps):

av1-x2 J—Laa:ii EllipticPi]| a%b, ArcSin| @] , - 22

a+bx?

Va+b V1+x? a (1)

a+b x?

Result (type 8, 25leaves):
Jx/ a+bx?

1-x4

dx

Problem 180: Unable to integrate problem.
J<a+bx4)p dx

c+ex?

Optimal (type 6, 123 leaves, 6 steps):

P bx*) P 1 5 _bxt e2xt
X (a+bx*) (1+ :) AppellF1[4,—p, 1, - :,ec;‘]
c
3 4\p bx*\ P 3 7 bx* e2x*
ex® (a+bx*) (1+ ; ) AppellF1[4, P L g - ]

3¢?

Result (type 8, 21 leaves):
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J(a+bx4)p i

c+ex?

Problem 181: Unable to integrate problem.
J(aerx“)p 4

(c+ex2)2

Optimal (type 6, 189leaves, 8 steps):

X (a+bx*)P (1+ :ia)_pAppellFl[i, -p, 2, i, ,b:“, ﬂ]

CZ

2ex? (a+bx*)P (1+ :i)wAppellFl[i, -p, 2, Z_;’ —bai, ﬁ}

CZ

+

3¢3
2.5 a\p bx*\ P 5 9 _bx* e2x*
e? x (a+bx> (1+ ; ) AppellF1[4, Py 2, s }
5 c*

Result (type 8, 21 leaves):

J(a+bx4)p ix

(c+ex2)2

Problem 186: Unable to integrate problem.
(1+bx4)p
Ji ax

1-x2
Optimal (type 6, 50leaves, 4 steps):

1 5 1 3
xAppellFl[Z, 1, -p, 2’ x*, -bx*] + gx3 AppellFl[Z, 1, -p, —» x*, -bx*]

7
4
Result (type 8, 21 leaves):

j<1+bX4)pdlx

1-x2

Problem 187: Unable to integrate problem.
J<1+bx4)p dx

(1-x)
Optimal (type 6, 77 leaves, 5steps):
xAppellFl[l, 2, -p, E, x*, -bx*] +
4 4

2 3 7 1 5 9
—x3 AppellF1[ =, 2, -p, —, x*, -bx*] + = x° AppellF1| =, 2, -p, =, x*, -bx*]
3 4 4 5 4 4
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Result (type 8, 21 leaves):

J<1+bX4)p ix

1-x)°

Problem 188: Unable to integrate problem.
J(1+bx4)p 4

(1-x)
Optimal (type 6, 101 leaves, 6 steps):

1 5 3
xAppellFl[Z, 3, -p, 2’ x4, -bx*] + %3 Appe11F1[4—, 3, -p, = x4, —bx* +

N

5
)

3 7
= Xx° AppellF1| -,
5 4

1
» X%, -bx*| + = x” AppellF1]
7 4

11
3: -P, 3: -P, :: X4J —bX4]

°
4
Result (type 8, 21 leaves):

J<1+bX4)p i

1)

Problem 199: Result unnecessarily involves imaginary or complex numbers.

(a+bx2)5/2d]

Optimal (type 3, 153 leaves, 5 steps):

19a2+va-bx?> Va+bx? Ar‘cTan[M]

9ax (a-bx?)Va+bx* x(a-bx?) (a+bx?)?? Jabx
- - +
8+VaZ-b%x* 4+/a%-b%x* 8+/b /a?-b2x*

Result (type 3, 98 leaves):

1911a2Log[—211\/Fx+@]

(11ax+2bx3) Va?-b?x* N

- +

8+Va+bx? 8vVb

Problem 200: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+bx2)3/2
aZ o b2 x4

Optimal (type 3, 110leaves, 4 steps):

3av/a-bx2 Va+rbx? ArcTan[M}
x (a-bx?) Va+bx? Ja-bx?

- +

2+VaZ-b2x* 2+/b Va2 -b?x*
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Result (type 3, 86 leaves):

3ialog[-2i+b x+@}
xVaZ-b2x*  asbx?
- +
2+a+bx? 2+/b

Problem 201: Result unnecessarily involves imaginary or complex numbers.
Va+bx?

Optimal (type 3, 65leaves, 3 steps):
Va-bx? Va+bx? ArcTan| /x|

a-bx?

dx

Vb Va2 bkt
Result (type 3, 50leaves):
ilog[-2i+b x+ @}

a+b x?

)

Problem 225: Result unnecessarily involves imaginary or complex numbers.
J(1+x2)3mdx
Optimal (type 4, 183 leaves, 6 steps):
26X VLex Xt 2 ) T D (1exex®) P Lo (1t e t)

45 (1+x?) 45 3 9
2 1+x2+x4 . . 1 2 1+x2+x4 . . 1
26 (1+x2) | (oo)? EllipticE[2ArcTan[x], 4] 7 (1+x2) | (oo EllipticF[2ArcTan[x], 4]
+
45+/1 + x2 + x* 15V 1 + x% + x*
Result (type 4, 169 leaves):
1
45+/1 + x% + x4

(x (29+61x%+81x*+57 x5 +25x% +5x%) +26 (-1)¥3 [1+ (-1)3x® [1- (-1)?° %
E1lipticE[i ArcSinh[ (-1)%¢x], (-1)%] +2 (-1)%® (9]1+4\/?)

J1+(-1)Y252 (1 (-1)%% % EllipticF[i ArcSinh[(-1)%®x], (-1)2/3])
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Problem 226: Result unnecessarily involves imaginary or complex numbers.
J}1+XQZVG7§7?;7dx
Optimal (type 4, 164 leaves, 5steps):
DXVt 2 sl ekt « Sx (1exte ]2

3 (1+x?) 21 7
2 1ex2ext . . 1 2 1ox?ext 3 3 1
2 (1+x%) | o) EllipticE[2ArcTan([x], 4} 4 (1+x%) | (1ot)? EllipticF[2ArcTan(x], .
+
341+ x%+x* 7V1+x%+x4

Result (type 4, 162 leaves):
1

2141+ x%+ x4
14 (-1)*2\[1+ (-1)*?x \[1- (-1)¥?® EllipticE[iArcSinh[(-1)%x], (-1)%?] +
2 (-1)Y3 (77+5 (71)1/3) 1+ (-1)Y3%

(x (11+2ax2+23x4+12x6+3x8) +

1- (-1)*?x? EllipticF[i ArcSinh[(-1)*®x], (71)2/3])

Problem 227: Result unnecessarily involves imaginary or complex numbers.
J(1+x2) A1+ x%+x* dx
Optimal (type 4, 145leaves, 4 steps):
ELARSS L S N TN FRv I

5 (1+x2) 5
2 1+x2+x4 . . 1 2 1+x2+x4 . . 1
3 (1+x?) /—(Mz)z EllipticE[2ArcTan(x], ;| 3 (1+x?) /—(Mz)z EllipticF[2ArcTan(x], ;]
+
541 +x%+x* 541+ x%+x4
Result (type 4, 168 leaves):
1

— 2x+3x3+3x°+ %X +
541+ x%+x4

3(-1)Y3J1+ (-1)Y% \J1- (-1)%? % EllipticE[i ArcSinh[(-1)%6x], (-1)¥3] +

)
z\/2+(1-j\/?) X2 \/2+(1+i\/?) x? EllipticF [Arcsin| > (x+iv3 x)], 2y (i+V3])]

2 2 2



Mathematica 11.3 Integration Test Results for 1.2.2.3 (d+e x~2)~"m (a+b x~2+c x~4)~p.nb | 47

Problem 228: Result unnecessarily involves imaginary or complex numbers.

V1+x2+xt q
——dx
J 1+x?
Optimal (type 4, 137 leaves, 8 steps):
XV 1+ x%+x4 X
—_— + fAr'cTan[i} -
1+x2 2 NI

2 1+x2+x4 . . 1 2 1+x2+x4 . . 1
(1+x2) (o)? EllipticE[2ArcTan([x], 4] 3 (1+x2) (oo EllipticF[2ArcTan[x], 4]
+

V1+x2+x4 4+/1+x2%+x4

Result (type 4, 118leaves):
1

Y B 112 1 (13
m( )21 (1) NEREEEY
(—EllipticE[iAr‘cSinh[(—1)5/6x], (-1)%] + EllipticF [i ArcSinh[ (-1)*®x], (-1)*7] +
(-1)*?EllipticPi[ (-1)Y3, - i Arcsinh[(-1)%°x], (-1)2/3])

Problem 229: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
J*\/ 1+x%+x4

(1+X2)2

dx

Optimal (type 4, 49leaves, 1 step):

(1+x2) lﬁ EllipticE[2ArcTan(x], zﬂ

21+ x%+ x4
Result (type 4, 164 leaves):
.
2V1+x2+x4
X+ X3+ x° _4\2/3 T \1/3 2 [ 112/3 2 A : : _4\5/6 4)2/3
S (-1)77 414 (-1)25¢ \J1- (-1)77 %2 EllipticF[i Arcsinh[(-1)*/°x], (-1)*?] +
1+x

(1) 2T )T 1 ()T

(—EllipticE[iArcSinh[(—1)5/6x], (-1)*?] + EllipticF[i ArcSinh|[ (-1)*®x], (_1)2/3]))
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Problem 230: Result unnecessarily involves imaginary or complex numbers.

J\/1+X2+X4 q
——dx
(1+X2)3
Optimal (type 4, 93 leaves, 23 steps):
(1+x2) % EllipticE[2ArcTan([x], |
xV1i+x2+xt 1 X (1) 4
—————————+ ~ ArcTan| |+
a(1ex)? 4 VI xE aNTE TR

Result (type 4, 176 leaves):

1 X (2+x2) (14x%+x%) . (—1)1/3\/1+ (1) \/17 ((1)773x
4~/1+x2+ x4 (1+x2)2

(*EllipticE[i Arcsinh[ (-1)%®x], (-1)*?] + EllipticF[i ArcSinh[ (-1)%°x], <71)2/3]) -
2 (_1>2/3 \/1+ (_1)1/3 2 \/1_ (_1)2/3 2

EllipticPi]| (—1)1/3, -1 ArcSinh|[ (-1)%°x], (—1)2/3}

Problem 231: Result unnecessarily involves imaginary or complex numbers.

(1+X2)4

dx

Optimal (type 4, 166 leaves, 26 steps):

xV1+x2ixt xV1ix2exd 1 X
+ + = ArcTan| ——— | +
6 (1+x%)° 6 (1+x%)? 4 e
2 1+x2+x4 . . 1 2 1+x%+x4 . . 1
(1+x2) (oo EllipticE[2ArcTan(x], 4] (1+x2) /—(Mz)z EllipticF[2ArcTan[x], 4]
3vV1+x2+x? 8V1+x2+xt

Result (type 4, 240 leaves):

1 X (L4x2+x%) (4+5x%+2x) _2<_1>1/3\/1+ (_1)1/3)(2 \/1_ (_1)2/3)(2
6V1sx2ext (1+x2)°

(ELlipticE[i Arcsinh[(-1)*°x], (-1)*?] - EllipticF[i ArcSinh[(-1)*°x], (-1)*?]] -

(-1)22 1+ (-1)*3 %% /1 (-1)¥*x* EllipticF[iArcSinh[(-1)¥¢x], (-1)%3] -3 (-1)*?

1+ (-1 X 1-(-1 x° EllipticPi| (-1 , -1 ArcSinh| (-1 x|, (-1
\/ ( >1/3 z\/ ( )2/3 2 H )1/3 [( )5/6] ( >2/3]
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Problem 232: Result unnecessarily involves imaginary or complex numbers.

1+x2)3
J&@x
1+ x%+ x4

Optimal (type 4, 159 leaves, 5steps):

11 S 4 14X\/1+X2+X4
— X/ 1+X+ X"+ 31+x2+ x4 -
15

(1+X2)

14 (1+x?) 1(;%;‘ EllipticE[2ArcTan(x], i] 3 (1+x2) 1(;‘%;‘ EllipticF[2ArcTan([x], i]
+

15V 1 + x% + x4 5vV1+x%+x4

Result (type 4, 157 leaves):
1

151+ x%+ x4
)72 1+ (-1)Y2x® \J1- (-1)¥>x® EllipticE[iArcSinh[(-1)%%x], (-1)%?] +
2 (-1)Y3 (77+2 (71)1/3) 1+ (-1)Y3%

(x (11+14x2+14x4+3x6> +

1- (-1)%?x* EllipticF[i ArcSinh[(-1)*®x], (71)2/3])
Problem 233: Result unnecessarily involves imaginary or complex numbers.

(1 + Xz)
ji dx
V1+x2+xt
Optimal (type 4, 137 leaves, 4 steps):

4 (1+x2) Lot EllipticE[2ArcTan(x], ]
1 T . AxV1lex2ext (10¢2)® 4
— X/ 1+x°+x" + - +
3 3 (1+x?) 34V1+x2+ x4

(1+x?) ﬁ EllipticF[2ArcTan([x], i]

V1+x?+x?
Result (type 4, 143 leaves):
.
341+ x%+ x4
(x+x3+x va (-1)*2 1+ (-1)2 % \[1- (-1)¥2x® EllipticE[iArcSinh[(-1)¥¢x], (-1)%?] «

2 (_1)1/3 (_2+ (_1)1/3) 1+ (_1)1/3)(2

\J1-(-1)??x* EllipticF[iArcSinh|(-1)*®x], (—1)2/3])
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Problem 234: Result unnecessarily involves imaginary or complex numbers.

JL dx
V1+x2ext
Optimal (type 4, 115leaves, 3 steps):

1+x2) [ 22 E11ipticE[2 ArcT 1
e

- +

1+x2 V1+x%ext
(1+x%) | % EllipticF[2ArcTan(x], i]
V1+x2+xt
Result (type 4, 94 leaves):
1

(1) 1+ (-1)"? %2 /1 (-1)°x? (ELlipticE[i Arcsinh[(-1)%°x], (-1)*?] +
V1+x2+x4

(_1+ (_1)1/3) EllipticF[iArcSinh[(-1)*°x], (‘1)2/3”

Problem 235: Result unnecessarily involves imaginary or complex numbers.

J ! ax
(1ex2) VT et

Optimal (type 4, 69 leaves, 4 steps):

+x2+x* . s
(1+x2) /?;‘T’)‘z EllipticF [2ArcTan[x], 41}

1 ArcTan | X |+
2 NEE 4~1+x2 4 x4
Result (type 4, 73 leaves):

_r

V1+x2+xt

(-1)22 /1« (-1)3 % J1- (-1)%?x? EllipticPi[ (-1)Y3, —i Arcsinh[(-1)%6x], (-1)??]

Problem 236: Result unnecessarily involves imaginary or complex numbers.

J ! dx
(1+32)2 VI X o xt

Optimal (type 4, 118 leaves, 8steps):
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(1+x2) | 2220 EllipticE[2ArcTan(x], ]
1 % (1+X) 4
= ArcTan| |+ -
2 V1+x2+ x4 21+ x%+ x4

(1+x2) Lexixt EllipticF[ZAr‘cTan[X], i]

(1+X2>2
4+/1+x%+x4
Result (type 4, 226 leaves):
. r
2V1+x2+ x4
X+ X3+ Xx° — - ;
?- (-1)23 1+ (-1)3x% /1~ (-1)??x? EllipticF[i Arcsinh|(-1)%®x], (-1)??] -

1/3\/1 1/3 2 \/17<—1>2/3x2

( ElllptlcE[lAr‘cSmh[(— )*®x], (-1)?] + E1lipticF[i ArcSinh[ (-1)°®x], (—1)2/3” -

1)2/3\/1+< 1/3 2 \/1 1 2/3 2

Ellipticpi[(-1>1/3, i ArcSinh[ (-1)%°x], (-1)*?]

Problem 237: Result unnecessarily involves imaginary or complex numbers.

1
dx
J<1+X2>3\/1+X2+X4
Optimal (type 4, 142leaves, 9steps):
XV1+x%+xt X
—+—Ar‘cTan[7 +
4 (1+x2)? 4 V1+x2+xh

3 (1+x%) ﬁ EllipticE[2ArcTan([x], ﬂ (1+x2) ﬁ EllipticF[2ArcTan(x], i]

AT XX 2T X
Result (type 4, 235leaves):

1 X (4+3x%) (1+x*+x*) 73<71>1/3\/ 1+ 1/3 2 \/1 2/3 2
41+ x%+x4 <1+X2)2

(EllipticE[jAr‘cSinhH— )*"®x], (-1)%?] - EllipticF[i ArcSinh[(-1)°®x], <71>2/3]) -
2 (-1)¥2J1+ (-1)Y3% \J1- (-1)%?x? EllipticF|[iArcsinh|(-1)%%x], (-1)¥?] -

2 (_1)2/3\/1+ <_1 1/3 X2 \/1 1 2/3 2

EllipticPi[<—1>1/3, -1 ArcSinh| (—1)5/6 x|, (—1)2/3]
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Problem 238: Result unnecessarily involves imaginary or complex numbers.
1+x2)°
J—< +X> dx
<1+X2+X4>3/2
Optimal (type 4, 144 leaves, 4 steps):

2 Lex?ext s 1
x (1-x2) vy 2 (1+x?) mElllptlcE[ZAr‘cTan[x}, 4}

VTeex 3 (1ex) 31 X ’
(1+x?) ﬁ EllipticF[2ArcTan([x], i]
V1+xZT+xd
Result (type 4, 136 leaves):
o
VA

(—x+x3+2 (-1)3 /14 (-1)¥3x% /1~ (-1)%?x? EllipticE[i ArcSinh|(-1)%®x], (-1)*?]«

2 (-1)¥° /343 (-1)3x? \[1- (-1)**x* EllipticF|iArcSinh|(-1)%°x], (-1)2/3])
Problem 239: Result unnecessarily involves imaginary or complex numbers.
1+x2)?
J& ix
<1+X2+X4>3/2
Optimal (type 4, 98 leaves, 2 steps):

2 (1+x2) Lextax EllipticE[2ArcTan(x], i]

X <1+2X2) 2xV1+x%+x? (10x2)?
- +
341+ x2+x4 3<1+X2) 341+ x2+x4
Result (type 4, 158 leaves):
. r
31 +x2+x4

x+2x3-2 (-1)Y2 1+ (-1)*252 \[1- (-1)%?x EllipticE[iArcSinh[(-1)%®x], (-1)%?] -

i\/2+(1+i\/?) x? \/6+(3—31‘1\/?) x? EllipticF[Ar‘cSin[% (x+i\/?x)}, %i (Ji+\/?)]
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roblem : Result unnecessarily involves imaginary or complex numbers.
Probl 240: Result [ | | b
1+ x2
J—dlx
(1+X2+X4>3/2
Optimal (type 4, 96 leaves, 2 steps):
(1+x2) Lo EllipticE[2ArcTan[x], i]

X (2+x2) XV1+x2+xt (10¢2)?
- +
341+ x%+ x4 3(1+X2> 341+ x%+x*

Result (type 4, 160 leaves):
1

341+ x2+x4

2xex* - (“1)Y2 1+ (1) \J1 (-1)27 X2 EllipticE[i Arcsinh|(-1)%%x], (-1)2°] - i
2

Jn (1+1V3 )2 \/6+ (3-3:i3 )% EllipticF[Ar‘cSin[% (x+iv3x], :

2

i(ieV3])]

Problem 241: Result unnecessarily involves imaginary or complex numbers.

J ! dx
(1+X2) <1+X2+X4>3/2

Optimal (type 4, 166 leaves, 9 steps):

x (1+2x%)  2xy/1ex?ext 1 x
- + + fAr‘cTan[i] -

3V1+x%+x4 3(1+X2> 2 V1+x2+ex?

2 1+x2+x4 1 2 1+x2+X 1
2 (1+x?) ()T EllipticE[2ArcTan([x], 4} 3 (1+x2) /—(1”() EllipticF[2ArcTan(x], 4]
+
341+ x%+x* 41 +x%+x*
Result (type 4, 204 leaves):
1

3V/1+x2+x4

(—x—2x3+2 (-1)1/3\/1+ (-1)%252 \J1- (-1)%?x® EllipticE[i ArcSinh[(-1)%6x], (-1)¥?]+

(_1>1/3 (_ N 1/3)\/1 1)1/3 2 \/1 2/3X2
]

EllipticF[JiAr‘cSinh[(— )P x], (-1)22] -3 (-1)2[1+ (-1)1° %2

\J1-(-1)%?x* EllipticPi[(-1)"?, -iArcSinh[(-1)*°x], (—1)2/3])
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Problem 242: Result unnecessarily involves imaginary or complex numbers.

J ! dx
<1+X2)2 (1+X2+X4)3/2
Optimal (type 4, 111 leaves, 16 steps):
X<2+X2> xV1+x2+xt
- + +
3V1+x%+x4 3<1+X2)

2 1+x2+x* . . 1
) (1+x2) /—(MZ)Z EllipticE[2ArcTan(x], ;]

ArcTan [ +

V1+x2+xt 6V1+x2+xt
Result (type 4, 168 leaves):

(—2x<1+x2) (2+x%) +3x (1+x2+x*) -

(-1)Y2 (1+53) 1+ (-1)273 % \[J1- (-1)22 % (EllipticE[j Arcsinh[(-1)%°x], (-1)2] +

(-1+5 (-1)*?) ELlipticF[i Arcsinh[ (-1)*°x], (-1)*?] +12 (-1)*?

EllipticPi[ (-1)%?, —iArcSinh[(-1)%®x], (71)2/3}))/ [6 (1+32) /14X +x*

Problem 243: Result unnecessarily involves imaginary or complex numbers.

J = dx
(1+X2)3 (1+X2+X4)3/2

Optimal (type 4, 190 leaves, 23 steps):

x (1-x2 XV1+x2+xt  xV1+x2+x4 X

- < ) + Vi+x7+ - Vi+x7 s +7Ar‘cTan[7]+

341+ x2+x4 4(1+X2>2 3<1+X2) 4 A1+ x? 4 x4

2 1+x%+x* . . 1 2 1+x2+x . .
19 (1+x?) l—(th)Z EllipticE[2ArcTan[x], 4] 5 (1+x?) '—<1+x2)2 EllipticF[2ArcTan[x], "
12 V1 +x%+ x4 4+/1+x%+ x4
Result (type 4, 192 leaves):
1

12 <1+x2)2\/1+x2+x4

(4x (—1+x2) (1+x2)2+3x (1+x2+x4) +15 X (1+x2) (1+x2+x4) - (—1)1/3 (1+x2)2

Vi (-1)72x 1o (-1)?7x® (19 E1LipticE[i Arcsinh[(-1)%®x], (-1)*7] +
(—9+161‘1\/?) EllipticF[ler‘cSinh[(—1)5/6 x|, (—1)2/3] +

18 (-1)Y? EllipticPi[ (-1)*?, -1 ArcSinh|(-1)*®x], <_1>z/3]))
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Problem 286: Result unnecessarily involves imaginary or complex numbers.
J(7+5x2)3x/2+3x2+x4 dx

Optimal (type 4, 193 leaves, 6 steps):

577 x (2 +x? 1 275
#+—x(2608+757x2) 243 x2ext s x (2+3x2+x%)%% 4
3v/2+3x2+x4 21 7
2 2:x2 it 1
195 » 5772 (1+x?) e EllipticE[ArcTan[x], 2}
7X3(2+3X2+X4>/7 +
9 3vV2+3x2+xt
29452 (1+x2) [ 2% EllipticF[ArcTan[x], %]
1+x 2
21V2+3x2+ x4
Result (type 4, 119leaves):
1

25548 x + 61214 x> + 57312 x° + 28496 X’ +

63V2+3x%+xt

7725 x% + 875 XM - 12117 i /1 + x? /2 + X2 EllipticE[JiAr‘cSinh[L], 2] -
V2
5553 i /1 +x2 /24 %2 EllipticF[iArcSinh[%}, 2]]
2

Problem 287: Result unnecessarily involves imaginary or complex numbers.
J(7+5x2)2x/2+3x2+x4 dx

Optimal (type 4, 168 leaves, 5steps):

31x (2+x%2 1
#+—X (407+114X2) 2+3x2+x* 4
V2+3x2axt 21

2 2:x2 it 1
- s 3142 (1+x2) | o; EllipticE [ArcTan([x], 2]

— X <2+3X2+X4)

7 V2+3x%+x?

4722 (1+%2) | % EllipticF [ArcTan(x], ]
21V2+3x%+x4
Result (type 4, 114 leaves):

| 55
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1

21V2+3x2+ x4

X
1114 x + 2349 X3 + 1724 x° + 564 X + 75 X% - 651 1 1/ 1 + x* 2+ x? EllipticE[i ArcSinh|[—], 2] -
2

2933 +/1+x* 4/2+X2 EllipticF[jArcSinh[L], 2]

V2

Problem 288: Result unnecessarily involves imaginary or complex numbers.
J(7+5x2) A2+ 3x%+xt dx

Optimal (type 4, 149leaves, 4 steps):

5x (2+x?
5x[24x) +5x(1e+3x2) J2+3x%+xt -

V2+3x2+x?t 3
542 (1+x2) /j*—xi E1lipticE[ArcTan(x], X] 1172 (1+x?) /i*—xz ELlipticF [ArcTan(x], *
+X +X

+

V2+3x2+x4 34/2+3x2+x4
Result (type 4, 109 leaves):

! (20x+36x3+19x5+3x7—15j1w/1+x2 A/ 2+ x? EllipticE[iArcSinh[%}, 2] -
2

3vV2+3x2+x4
7iA1+x2 /24X EllipticF[jArcSinh[L], 2]
V2

Problem 289: Result unnecessarily involves imaginary or complex numbers.
Jw/2+3x2+x4 dx

Optimal (type 4, 141 leaves, 4 steps):

2 (14 x? 2 E11ipticE[ArcTan[x], *
o) 1 e | 2

V2+3x%+x? 3 V2+3x%+x*
22 (1+x?) l% EllipticF [ArcTan[x], *]

1+ 2

34v2+3x2+x4

Result (type 4, 102 leaves):
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;(2x+3x3+x5—3ix11+x2 A2+ X2 EllipticE[iAr‘cSinh[L], 2] -
3vV2+3x%2+x4 \/?

i1+x2 Af2+x% EllipticF[jArcSinh[%}, 2]
2

Problem 290: Result unnecessarily involves imaginary or complex numbers.
J\/2+3X2+X4

7 + 5 x?

dx

Optimal (type 4, 178 leaves, 8 steps):

2+x? . . 1
x (2+x2) V2 (1+x2) JEElllptlcE[Ar'cTan[x], ;]

- +

542 +3x%+x* 542+3x%+x*
2 2+x2 s 1 2 2ex% sotiepi 2 1
(1+x%) | S EllipticF [ArcTan[x], 2} 3 (1+x2) | L E111pt1cP1[7, ArcTan[x], 2}
+
542+3x2+x4 352 V2+3x2+x4

Result (type 4, 90leaves):

in1+x? yJ2+x? |35E1lipticE[i ArcSinh[L}, 2| +21EllipticF|i Ar‘cSinh[L], 2] -

V2 V2
P 1) i . R 3%yt
6 E1lipticPi| o Arcslnh[ﬁ], 2})}/ [175«/2 3x2+ X
Problem 291: Result unnecessarily involves imaginary or complex numbers.
Jm N

(7+5x2)2

Optimal (type 4, 209 leaves, 8 steps):

2 2402 ot 1
X (2+x?) I3 (1+x?) | 2% EllipticE[ArcTan(x], 7]

+ +

- +
7072 +3x2+ x4 14 (7 +5x2) 3542 V2+3x2+ x4

3 <1+X2> | % EllipticF [Ar‘CTan[X}, i} <2+X2> ElllptlcPi[%, ArcTan[x], i]

140+/2 /2 +3x%2+ x4

9802 | 2 \/213x2+ X
+X

Result (type 4, 208 leaves):

| 57
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[359x+525 X3+ 175%5 13501+ x2 [2+x2 (7+5x%) ElliptiCE[iA"CSi”h[\/:]’ 2] -
2
81+/1x \[203¢ (745 %) Elliptick i Arcsinh| ], 2] -

2
10
7i+/1+x% A/2+x* EllipticPi[ —, JiAr‘cSinh[L], 2] -
7 V2
10
51 x*/1+x* /2+x* EllipticPi| —, iAr‘cSinh[L}, 2]]/ (2450 (7+5x%) \f2+3%x%+x*
7 V2
Problem 292: Result unnecessarily involves imaginary or complex numbers.
V2+3x%+x4
J— dx

(7+5x2)3

Optimal (type 4, 237 leaves, 25 steps):
11x (2+x?) xV2+3x2xt
- +
117602+ 3x2+x* 28 (7+5x2)?

2 2+x% g 1
M VITIE T 11 (1+x?) /Mz EllipticE[ArcTan[x], 2]
N

2352 (7 +5x2) 5880 /2 V2 +3x2+x

+

+x2 . .
81 (1+x?) | 127 EllipticF[ArcTan(x], ;]| 155 (2+x2) EllipticPi[2, ArcTan([x], 1]

78402 2 +3x%+x4

1646402 | 2 /21374 X
+X

Result (type 4, 174 leaves):
14700 x (2+ 3 x2 +x4) 1925 x (2+ 3 x2 +x4)

+ +

(7+5x2)2 7 +5x2

3851+/1+x?* 4/2+x® EllipticE[i ArcSinh[%}, 2] -
2
4343 \[1+x* +[2+x* EllipticF[i ArcSinh[L}, 2] -

V2

12011 +/1+x% /2 + %2 EllipticPi[E, jArcSinh[L], 2]
7

V2

/ [411600x/2+3x2+x4

Problem 293: Result unnecessarily involves imaginary or complex numbers.

J(7+5x2)3 (2+3x2+x4>3/2d1x

Optimal (type 4, 219leaves, 7 steps):
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20884 x (2+x?) X (1032541+297911 xz) V2+3x2+x4

+
652 +3x%+x4 5005

x (208212 + 65345 x2) (2+3x2+x%)>? 3825
( )( ) n x(2+3x2+x4>5/2+
3003 143
125 si2

208842 (1+x?) |22 EllipticE[ArcTan(x], 1]
+X
x3 (2+3x2+x4)

13 652 +3x%+x*

1171349+/2 (1+x2) | i—"z EllipticF[ArcTan(x], i]
+X

5005 /2 + 3 x2 + x4
Result (type 4, 129 leaves):

+

[13 572486 x + 40493455 x> + 54938052 x> + 46218643 x’ + 25350660 x° + 8 705 725 x** +
X
1701000 x** + 144375 x*® - 4824204 i /1 + x> /2 +x* EllipticE[i ArcSinh|[—], 2] -
2

2203890 i /1 +x? /2 +x? EllipticF[iArcSinh[L], 2]]/ (15015x/2+3x2+x4

V2

Problem 294: Result unnecessarily involves imaginary or complex numbers.
J(7+5x2)2 (2+3x2+x%)> 2 ax

Optimal (type 4, 198 leaves, 6 steps):

742 x (2 + %2 36783 + 10643 x2) /2 + 3 x%2 + x*
X (2+%) +X< ’ x) PR +ix(7281+224ex2) (243 x2+x4)%2 4

15232 1155 693
25 5/2

742+/2 (1+x?) l% EllipticE[ArcTan[x], ﬂ
——x (2+3x%+ x4
11 152 +3x2+x*
138792 (1+x?) | 2% EllipticF[ArcTan[x], 2]
1+X 2
3854/2+3x%+x*
Result (type 4, 124 leaves):

| 59
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429318 x + 1160065 x> + 1333551 x° + 892084 x” + 363480 x° +

82075 x™ + 7875 x'? - 171402 1 1/ 1+ x* /2 + x> EllipticE[i ArcSinh[L}, 2] -
V2
784200 1+ X2 /2 +x? EllipticF[jArcSinh[L], 2] /(3465x/2+3x2+x4
V2

Problem 295: Result unnecessarily involves imaginary or complex numbers.

J(7+5x2) (2+3x2+x4)3/2d1x

Optimal (type 4, 179 leaves, 5steps):

116 x (2 + x2) 1
+—X<519+149X2> A2+3x2 x4+
15v/2+3x2+x* 165

116 /2 (1+x2) /% EllipticE[ArcTan(x], ]

1
fx(108+35x2) (2+3x2+x4)3/2— +
63 152 +3x2+ x4
1972 (1+x2) [ 2% EllipticF [ArcTan[x], %]
1+X 2
352 +3x%2+ x4

Result (type 4, 119leaves):

5274 x + 12745 x> + 12018 x> + 5962 x’ + 1590 x° +

175 XM - 24361 1/ 1+ x* /2 +x? EllipticE[jArcSinh[L], 2] -
V2
1110 i 1+ X% /2 + X2 EllipticF[jArcSinh[%], 2] /(315«/2+3x2+x4
2

Problem 296: Result unnecessarily involves imaginary or complex numbers.

J(2+3x2+x4)3/2d1x

Optimal (type 4, 172leaves, 5steps):

6x (2+x2
x (2+x2) +£X(29+9x2)x/2+3x2+x4+1x(2+3x2+x4)3/2—

5v2+3x%+x* 35 7
62 (1+x2) | 22X EllipticE[ArcTan(x], ] 312 (1+x?) |22 EllipticF[ArcTan(x],
1+Xx 2 1+x2 2
+
5V2+3x2+x4 352 +3x%2+x4

Result (type 4, 114 leaves):



Mathematica 11.3 Integration Test Results for 1.2.2.3 (d+e x~2)~"m (a+b x~2+c x~4)~p.nb | 61

1
3542 +3x2+ x4
78 x +165x% +121x° +39x” + 5x% - 421 /1 +x% /2 +x? EllipticE[jArcSinh[%], 2] -
2
200 /1 +x% [2+x? EllipticF[jArcSinh[L}, 2}]

V2

Problem 297: Result unnecessarily involves imaginary or complex numbers.

(2 +3 %2 +X4>3/2
J dx

7 +5x?

Optimal (type 4, 207 leaves, 13 steps):

24x(2+x2) 1
+—X<11+3X2> A[2+3x2+xY -
125+/2+3x2+ x4 75

24+/2 (1+%2) /i*—xi EllipticE [ArcTan(x], ]
+X
1252 + 3 x%2 + x*

1

56\/? (1+X2) % EllipticF[Ar‘CTan[X], ;] 9\/? (2+X2> ElliptlcPl[%, ArcTan[x], i}

N 2 4
375V 2+ 3 X%+ X Mm

875 1+x?

Result (type 4, 148leaves):

3850 x + 6825 x3 + 3500 x° + 525 X’ — 2520 i m m E1lipticE[i ArcSinh| %] 5 2] -
2
1022 i \/ﬁ \/m EllipticF [J‘L Ar‘cSinh[%] ’ 2] -
2

108 i /1 +x? /2 + X2 EllipticPi[E, jArcSinh[L], 2})/ (13125«/2+3x2+x4
7

V2

Problem 298: Result unnecessarily involves imaginary or complex numbers.

dx

j<2+3xz+x4>3/2

(7+5x2)2

Optimal (type 4, 222 leaves, 21 steps):
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ox [2+x}) +ixd2+3x2+x4—

1752 +3x2+ x4 75

942 (1+x2) |22 EllipticE[ArcTan(x], 2]

3xV2+3x2+x 1ex?
- +
175 (7 + 5 x2) 1752+ 32 5%
2 2+x2 s 1 2 242 st epa [ 2 1
59 (1+x?) | S EllipticF[ArcTan[x], 2} 9 (1+x?) | S ElllptlcP1[7, ArcTan[x], 2]
+
1050 /2 + 3 x2 + x* 2450 /2 + 3 x2 + x*
Result (type 4, 213 leaves):
1

2800 X + 6650 x> + 5075 X° +

18375 (7+5x2) V2 +3x2+x4

1225x7 - 945§ /1 +x* /2 +x? (7+5x?) E1lipticE[i Ar‘cSinh[\/X_], 2] -
2
182i+/1+x2 A/2+x2 (7+5%2) EllipticF[jArcSinh[L}, 2] +
V2

189 i mmEllipticPi[E, ﬂAPcSinh[%]: 2] +
7 2

1351 x2+/1+x2 /2 +Xx? EllipticPi[E, JiAr‘cSinh[%], 2]
7 2

Problem 299: Result unnecessarily involves imaginary or complex numbers.

dx

J(2+3X2+X4>3/2
(7+5x2)°
Optimal (type 4, 231 leaves, 27 steps):

3X(2+X2) 3xV2+3x2+x4
392/2 +3x2+ x4 350 (7+5x2)2

2 2+x2 . . 1
N Yy 3 (1+x2) ,72+2X2 EllipticE |[ArcTan[x], 2]

- +

9800 (7 +5x?) 1962+ 3x% + x*

+

+x? . .
5 (1+x?) N 22+2xxz EllipticF[ArcTan[x], i] 141 (2+x?) EllipticPi[%, ArcTan[x], i]

N
7842 + 3 x%2 + x4

27440~/2 | 2 /24352
+X

Result (type 4, 174 leaves):
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588 x (2+3x2+x4) 119 x (2+3x2+x4)
_ + _

(7+5x2)? 7 +5x?

5251i+/1+x* 4/2+x* EllipticE[i ArcSinh[%}, 2] -
2

4061 /1+x* +/2+x* EllipticF[i ArcSinh[%}, 2] +
2

1411 \1% /2% Ellipticpi[ >0, JlAr'cSinh[%], 2}}/ (68600«/2+3x2+x4
7 2

Problem 300: Result unnecessarily involves imaginary or complex numbers.

(7+5x%)°
J—dlx
V2+3x2+xt

Optimal (type 4, 157 leaves, 5steps):

2
135x(2+x) T, , o,
————— + 75X/ 2+3x°+X" +25% 2+3X°+XT -

V2+3x2+x4
2+x? . . 1 2+x2 . . 1
135+/2 (1+x2) lﬁ EllipticE |[ArcTan[x], ;] 193 (1+x?) /ﬁ EllipticF[ArcTan[x], ;]

+

V2+3x2+xt \E\/2+3X2+X4
Result (type 4, 106 leaves):

1 |asx (6+11x%+6x*+x8) —1351+/1+x> 1/2+X%? EllipticE[jArcSinh[L}, 2] -
V2 +3x2+x4 \E

581 /1+x2 /242 EllipticF[iArcSinh[%}, 2})
2

Problem 301: Result unnecessarily involves imaginary or complex numbers.

(7+5x%)2
J—dlx
V2+3x2+xt

Optimal (type 4, 142leaves, 4 steps):

2
20x(2:x7) (2+) +£xﬂ2+3x2+x4 -

V2+3x2+x4 3

2012 (1+x2) /% EllipticE[ArcTan(x], 3] 97 (1+x?) /% EllipticF [ArcTan(x], ]

+

V2+3x%+x* 342 V2+3x2+x4

Result (type 4, 104 leaves):
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! (25x (2+3x2+x*) -601+/1+x? mEnipticE[i ArcSinh[%}, 2] -
2

3v/2+3x2+x4

37i+/1+x% y/2+x? EllipticF|i ArcSinh[L], 2])
V2
Problem 302: Result unnecessarily involves imaginary or complex numbers.
7 +5x?
J— dx
V2+3x%+x*
Optimal (type 4, 121 leaves, 3 steps):

2+x2 . . 1
5x (2+x2) 52 (1+x2) JEElllptlcE[Ar'cTan[x], 2]

V2+3x2+x% V2+3xTexh
7 (1+x2) \/gEllipticF[Ar‘cTan[xL %]
NPRETEraTa
Result (type 4, 69 leaves):
. r
iaf14x? y/2+%2 (5 EllipticE[i ArcSinh[%] , 2] +2EllipticF[i ArcSinh[%} , 2]
2 2

Problem 303: Result unnecessarily involves imaginary or complex numbers.

1
——dx
J&\/ 2+3x%+x4
Optimal (type 4, 48leaves, 1 step):

(1+x2) /% EllipticF[ArcTan(x], %]
\/?\/2+3X2+X4

Result (type 4, 50 leaves):
iV1+x2 \/2+x2 EllipticF[i ArcSinh] %] , 2]

V2+3x2+xt

Problem 304: Result unnecessarily involves imaginary or complex numbers.

J ! dx
(7+5X2) V2+3x2+x4
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Optimal (type 4, 106 leaves, 4 steps):

(1+x2) [ 2% EllipticF[ArcTan[x], %] e ta 1
1ex2 ) 5 (2+x2) ElllpthPl[;, ArcTan[x], ;]

22 V2+3x2+x*

142 [2£ 2 3x2+xA

1+x2

Result (type 4, 55leaves):
iV1+x? /2+x2 EllipticPi[®?, i ArcSinh[ -], 2]
7 V2

7V2+3x%+x4

Problem 305: Result unnecessarily involves imaginary or complex numbers.

J 1 dx
(7+5x%)2V2+3x2 +x*

Optimal (type 4, 209 leaves, 9 steps):

5x (2+x2) 25 x 23X 5(1+x?) l% EllipticE [ArcTan[x], %]

84~/2+3x2+ X 84 (7+5x%) 42+/2 24352+
2 26X st 1
9 (1+x?) |22 EllipticF[ArcTan(x], 7| g5 (2+x2) EllipticPi[2, ArcTan(x], 1]
562 V2+3x2+x*

11762 [ 2% 243x7 e Xt
1+x
Result (type 4, 208 leaves):
[-359x-525x3-175x5-35jm/1+x2 \J2+x* (7+5x%) EllipticE[i ArcSinh[%}, 2] -
2
14i+/1+x? yJ2+x* (7+5x?) EllipticF[iArcSinh| —], 2] -
V2

911 mmEllipticPi[E, ﬂAPcSinh[%]: 2] -
7 2

651 x2\[1+x /24 x? EllipticPi[ -0, jArcSinh[%], z}]/ (588 (7+5x2) y/2+3x2 + x4
7 2

Problem 306: Result unnecessarily involves imaginary or complex numbers.

J 1 dx
(7+5x%)°V2+3x2+x*

Optimal (type 4, 237 leaves, 10 steps):
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65x (2+x?) 25xV2+3x%+x4
47042 + 3x2 + x4 168 (7 +5x2)°

1

2 2+x2 . . 1
325x /2321 %% 65 (1+x%) | = EllipticE |[ArcTan[x], 2]

- +

4704 (7 +5x*) 235212 V2+3x2 4 X

631 (1+x%) | % EllipticF[ArcTan(x], 7] 555 (2+x2) EllipticPi[ 2, ArcTan(x], ]

7
9408 /2 /2 +3x2 +x*

65856 /2 /% V2+3x2+x8

Result (type 4, 186 leaves):

-175x (238 +487 x? + 314 x* + 65 x5) -

455i+/1+x2 \J24x? (7+5x2)2ElLipticE[i ArcSinh[ ——], 2] +

V2
143~/1+x% A/2+x2 (7+5x%)? EllipticF[i ArcSinh[%}, 2] -
2

505 i/ 1+x? /2 + X2 (7+5x2)2E11ipticPi[E, i ArcSinh|[ —], 2]
7

(32928 (7+5X2>2x/2+3x2+x4

/

vz

Problem 307: Result unnecessarily involves imaginary or complex numbers.

J< (7+5x2)° i

24—3X2+X4>3/2

Optimal (type 4, 189leaves, 6 steps):

7679 x (2 + X2 x (115 + 179 x? 5000
( ) - ( )+ XA/2+3x2+x* +625x3+/2+3x2+ x4 -

2v/2+3x2+x4 2/2+3x2+ x4 3
7679 (1+x?) | 2% EllipticE[ArcTan[x], 1] 15383 (1+x?) |22 EllipticF[ArcTan[x],
1+x 2 1+x 2
.
V2 V2+3x%+x4 342 V2+3x2+x4

Result (type 4, 109 leaves):
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1
6V2+3x%+x4

X
19655 X + 36963 x> + 21250 X° + 3750 x” - 23037 i /1 + x* /2 +x? EllipticE[iArcSinh|—], 2] -

V2
7729 i /1+ X% A[2+ % EllipticF[jArcSinh[L}, 2]]

V2

Problem 308: Result unnecessarily involves imaginary or complex numbers.

J< (7+5x%)* N

2+3X2+X4>3/2

Optimal (type 4, 170leaves, 5steps):
637 x (2 +x?) X (145 + 113 x?)

+ +

2vV2+3x2+x% 2+4/2+3x2 x4

. 637 (1+x?) /i*—’f E1lipticE [ArcTan(x], ]
+X
—xA/2+3x%2+x* -

3 V2 V2+3x2 x4
1067 V2 (1+x2) [ 2% EllipticF[ArcTan[x], %]
1+x 2
3v/2+3x2+x4

Result (type 4, 104 leaves):

1 X
[2935x+4089 x?+1250 x> - 1911 1 /1 +x* /2 +x* E1lipticE[iArcSinh|—], 2] -
6V2+3x2+x* V2

2357 i+/1+x% A[2+ X2 EllipticF[iArcSinh[%}, 2]]
2

Problem 309: Result unnecessarily involves imaginary or complex numbers.
J (7+5x2)° .
<2+3X2+X4>3/2

Optimal (type 4, 149leaves, 4 steps):

261 (1+x?) | 2% EllipticE[ArcTan(x], 1]
X (5—11x2) 261 x (2+x2) 142 2
. B
2vV/2+3x2+x* 24/2+3x2+ x4 V2 V213x2 x4

169 (1 + x2) \/gEllipticF[Ar‘cTan[x], f]

V2 V2+3x2+xt
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Result (type 4, 99 leaves):

ot [sximee1if1e0 4200 EllipticE[jArcSinh[L], 2] +
2/2+3x2+x* V2

7iA1+%x2 /24X EllipticF[jArcSinh[L], 2]
V2

Problem 310: Result unnecessarily involves imaginary or complex numbers.

j( <7+5X2)23/2 ax

2+3X2+X4>

Optimal (type 4, 149leaves, 4 steps):

2 2+x% st 1
17x (2452 x (25+172) 17 (1+x%) | I EllipticE[ArcTan[x], 2]
+ +

2V2+3x2+x4 242+3x%2+x* V2 V2+3x2+x4
62 (1+x?) | 2% EllipticF[ArcTan[x], 1]

1+x 2

V2+3x2+x4

Result (type 4, 99leaves):
25x+17 x> +17 i 1/1+x* 1/2+x* EllipticE[i ArcSinh[—— ] 2] -
2v2+3x%+x4 [ V2

1i+/1+x? /2+x® EllipticF[i ArcSinh|[—], 2}]
V2

Problem 311: Result unnecessarily involves imaginary or complex numbers.
7 +5x2
J dx
<2+3X2+X4>3/2
Optimal (type 4, 145leaves, 4 steps):
x (2+x2) x (5+x2)
- +
2V2+3x2+x4 22+3x%+x4

(1+x2) l% EllipticE[ArcTan[x], ﬂ (1+x2) l% EllipticF [ArcTan[x], ﬂ

+

\/?\/2+3X2+X4 \E\/2+3X2+X4
Result (type 4, 97 leaves):

+
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! (5x+x3+ix/1+x2 A2+ x? EllipticE[iArcSinh[%], 2] -
2

2vV2+3x%+x4

3i4/14x% 4/2+x? EllipticF[jArcSinh[%], 2]
2

Problem 312: Result unnecessarily involves imaginary or complex numbers.

J = dx
(2+3X2+X4>3/2
Optimal (type 4, 149leaves, 4 steps):
3x (2+x?) x (5+3x2)
- +
2V2+3x%+x4 22 +3x%2+x4

3 (1+x2) |22 EllipticE[ArcTan([x], 2] /2 (1+x?) [ 2% EllipticF[ArcTan(x], 1]

\/7\/2+3X2+X4 V2 +3x2+x4
Result (type 4, 99 leaves):

! (5x+3x3+3jm/1+x2 2+ x? EllipticE[iAr‘cSinh[%], 2|+
2

2vV2+3x2+x4

iaf1+x2 Af2+x%? EllipticF[nArcSinh[j_}, 2]]
2

+

Problem 313: Result unnecessarily involves imaginary or complex numbers.

J ! ax
(7+5x2) (2+3x2+x4)°?

Optimal (type 4, 173 leaves, 9steps):

« V2 (1+x2) \/gEllipticE[Ar‘cTan[x], %]

+ —

6V2+3x%+x4 342+3x2+x4
2 24x2 s 1 2 2:x2 inticpi [ 2 1
9 (1+x2) | S EllipticF [ArcTan[x], 2] 125 (1+x2) | T E111pt1cP1[7, ArcTan[x], 2]
+
4+2+3x%+x4 84+/2 V2+3x%+x4

Result (type 4, 138 leaves):
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1

35x+14x3 +141+/1+x% +/2+x? EllipticE[i ArcSinh[L}, 2] -
422+3x2+ x4 V2
7ia1+x2 4[24+ EllipticF[jAr‘cSinh[L], 2] +
V2

2511 2 enipeicn 2, Lancsi] 21, 2]
7 2

Problem 314: Result unnecessarily involves imaginary or complex numbers.

1
J(7+5X2)2 (2+3X2+X4>3/2

dx

Optimal (type 4, 235leaves, 19 steps):
31x (2+x?) x (20 +11x?)

56 V2 +3x%+x4 36 V2+3x%+x4

+

1

31 (1+x2) | 2% EllipticE[ArcTan(x], %]
625x V2 +3 x>+ x4 1o 2
N
504 (7 +5x*) 282 V213245

463 <1+X2> % EllipticF [Ar‘CTan[X], i] 375 (2+X2) Ellip‘tlcPl[%, ArcTan[x], i]

+
336 V2 V2+3x2+x4

784 /2 /% V2+3x2+x8

Result (type 4, 208 leaves):
1

1176 (7 +5x%) V2 +3x% + x*
7490 x + 10157 x> + 3255 X° + 6511 1/1+ x> /2 +x* (7 +5x?) E1lipticE|i ArcSinh|

182i+/1+x? 1/2+x? (7+5x?) EllipticF|i ArcSinh[L}, 2] +

V2

1575 1 mmEllipticPi[E, i Arcsinh|——], 2] «
7

V2

11251 x2 /1 + X% /2 + X2 EllipticPi[E, jArcSinh[L], 2]
7

V2

X

V2

],2]+

Problem 315: Result unnecessarily involves imaginary or complex numbers.

1
J 7+5x2)7 (2+3x2+x4)??
( )

dx

Optimal (type 4, 263 leaves, 29 steps):
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5797 x (2 +x?) X (50 + 23 x?) 625x /2 +3x% + x*
- + + +
28224/2+3x2 +x* 216 V2 +3x% + x* 1008 (7+5x2)*

5797 (1+x2) [ % EllipticE[ArcTan([x], %]

41875xV2+3x%+x* Lex? 2
N _
84672 (7 +5x?)

141122 V2 +3x%+ x4
49907 (1+x?) | 2 EllipticF[ArcTan([x], 1] a2 1
142 ’ 192625 (2 + x?) Elllp‘tlcPl[;, ArcTan[x], ;]
+
564482 V2 +3x%2+x*

395136 /2 /% V2+3x2+x8

Result (type 4, 159 leaves):
7 x (550550 + 1089803 x? + 698290 x* + 144925 X°)

+

(7+5x2)?
40579 i /1+x? /2 + % EllipticE[i ArcSinh| ——], 2] -

V2
721 \[10x \[2+x Elliptick[i Arcsinh[ 2], 2] +
V2

385251 +/1+x2 /2 +X%? EllipticPi[E, jArcSinh[%], 2|
7 2

/(197568x/2+3x2+x4

Problem 316: Result unnecessarily involves imaginary or complex numbers.
J(7+5x2)4x/2+x2—x4 dx
Optimal (type 4, 116 leaves, 8 steps):

1
—x (177953+717372 x?) A2ex2ox* -
231

116100 x (24 x2 - x4 14500 X3 (2+x2 - x#)2 - gx5 (2+x2—x4)3/2+
77 33 11
3764813 X 539419 . o x
~——— EllipticE[ArcSin| —], -2] - = EllipticF [ArcSin[—], - 2|
231 NeY 77

V2

Result (type 4, 112leaves):
1

2312+ x%-x*
11 13 . 2 4 s s : s 1
75250 x™ - 13125 x*® + 37648131 /4 +2x? - 2x* EllipticE[i ArcSinh([x], - —] -

2
1
48380911 +/4+2x%-2x* EllipticF[i ArcSinh[x], - ] )

2

(— 1037294 x - 186503 x> + 1125819 x° + 231228 x’ - 185925 x° -
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Problem 317: Result unnecessarily involves imaginary or complex numbers.
J(7+5x2)3x/2+x2—x4 dx

Optimal (type 4, 95 leaves, 7 steps):
ix (5956+14691x2) A2+ x2-x* - 1825 X (2+x2—x4)3/2— 1275)(3 (2+x2—x4)3/2+
63

21 9
79411 X 8735 . . X
EllipticE |[ArcSin[——]|, -2| - — EllipticF|[ArcSin[—]|, - 2]
63 V2 21 V2
Result (type 4, 107 leaves):
1

-9988 x + 9938 x> + 21660 x° - 1116 x’ -

63V2+x%-x*
9 11 . 2 4 N . . 1

3725 x° - 875 x™ + 794111 /4 +2x* - 2x* EllipticE[i ArcSinh[x], - —] -
2

1
106014 i /4 +2x* - 2x* EllipticF[i ArcSinh[x], - ]

2

Problem 318: Result unnecessarily involves imaginary or complex numbers.
J(7+5x2)2x/2+x2—x4 dx

Optimal (type 4, 74 leaves, 6 steps):

Ly (275 +354x2) A[2 4 x2 - X+ - 2 (2052 x8) Y2
7

21
2045 L . X 79 _ . X
~——— EllipticE [ArcSin[ ——]|, -2| - — EllipticF|[ArcSin[—], -2]
21 vz 7 vz
Result (type 4, 102 leaves):
. r
212 +x%2-x*

1
(250 X + 683 %3 +304x5-204x7 -75x% +2045 i /4 +2x2-2x* EllipticE [iArcSinh[x], - =] -

2
1
2949 i /4 +2x%-2x* EllipticF [iArcSinh[x], - ] )

2

Problem 319: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(7+5x2) A2+ x%-x* dx

Optimal (type 4, 46 leaves, 5steps):
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X (2+x%) 4/2+x% - x* +7EllipticE[Ar‘cSin[L}, -2] +3 EllipticF{Ar‘cSin[L], -2]
V2 V2

Result (type 4, 94 leaves):

1 3.5 7 L 2 4 st . : 1
———4AX+4X° -x X' +7 14 +2X -2X E111pt1cE[11Ar‘c51nh[x}, —f] -
V2 +x2-x4 2

. 2 4 . . . . 1

12i~/4+2%X°-2X ElllpthF[nAr‘cSmh[x], —f}
2

Problem 320: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

jx/2+x2—x4 dx

Optimal (type 4, 44 leaves, 5steps):

1 1 . X . X . . . X
N P N ,ElllptlcE[ArcSm[i], —2} +E111pt1cF[Ar‘c51n[7], —2]
3 3 V2 V2

Result (type 4, 90 leaves):

1 1
————————|2x+X* - x*+i+/4+2x*-2x* EllipticE[i ArcSinh[x], - —] -
34/2+x2-x4 2
1
3i+/4+2x%-2x* EllipticF[iArcSinh([x], - f]]
2
Problem 321: Result unnecessarily involves imaginary or complex numbers.
de
E—— ¢
7 +5x2

Optimal (type 4, 46 leaves, 7 steps):

1 X
-~ EllipticE [ArcSin[ ——], -2] +
5

\ 2
17 o ) X 34 ... 10 ) X
— EllipticF [Ar‘c51n [ —} R —2] - — EllipticPi [— —, ArcSin [ —} R —2]
25 NEY 175 7 NEY

Result (type 4, 51 leaves):

1 1
- ——1+/2 [35E1lipticE[i ArcSinh[x], - —] +
175 2

1 5 1
7 EllipticF[i ArcSinh([x], - =] - 17 E1lipticPi| =, i ArcSinh[x], - |
2 7 2
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Problem 322: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J\/2+x2—x4

(7+5x2)?

dx

Optimal (type 4, 74 leaves, 7 steps):
V24 x2 - x4
XV2eX X L Eliptice [ArcSin[L] » -2] -

14 (7+5x%) 70 V2

99 E1lipticPi[-?, ArcSin| = ], -2]

6 X
—— EllipticF[ArcSin[ ——], -2] +
175 NEY 2450

Result (type 4, 196 leaves):
[7@0 X +350 %> -350x° +701 /2 (7+5x?) ~/2+x*-x* EllipticE[i ArcSinh[x], -

1
21082 (7+5x%) /2+x?-x* EllipticF[iArcSinh[x], - =] -
2
. 2 4 AU T . 1
69312 \/2+X" -X E111pt1cP1[—, i ArcSinh[x], ——} -
7

2

5 1
4951 /2 x2~/2+x% - x* EllipticPi[ =, i ArcSinh[x], -—]]/ [499@ (7+5x2) 2+ x?-x*
7

2

] -

1
2

Problem 323: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J\/2+x2x4

(7+5x2)3

dx

Optimal (type 4, 102 leaves, 21 steps):
VI 3xVIi ) 31 EllipticE [ArcSin| %} , -2]

28 (7+5x2>2 13328 (7+5x2) 66 640

269 E1lipticF [Arcsin[%} » -2] 16601EllipticPi[- 2, Ar‘cSin[%] , -2

+

166 600 2332400

Result (type 4, 244 leaves):



Mathematica 11.3 Integration Test Results for 1.2.2.3 (d+e x~2)~"m (a+b x~2+c x~4)~p.nb | 75

1

4664800 (7 +5x2)2\2+x2 - x*
1
54250 x’” - 2170 i /2 (7+5x2>2x/2+x2—x4 EllipticE[i ArcSinh([x], - =] +

2
1
70213 +/2 (7+5x2)2~/2+x?* - x* EllipticF[iArcSinh[x], - =] -

181300 x - 17 850 x> - 144900 Xx° +

2
. A R T . 1
8134491 /2 /2 +x?-x* EllipticPi[ =, i ArcSinh[x], - =] -
7 2
. 2 2 a4 RPN T . 1
11620701 /2 x?4/2+x? - x* EllipticPi[ =, i ArcSinh([x], - =] -
7 2
. s | 2 4 R T . 1
4150251 V2 X 2+ X" - X E111pt1cP1[f, i ArcSinh[x], —f]
7 2

Problem 324: Result unnecessarily involves imaginary or complex numbers.
J(7+5x2)4 (2+x2—x4)3/2d1x

Optimal (type 4, 142leaves, 9 steps):
3x (2193559 +7837383x2) V2+x2-x*  x (69817 - 1581440 x2) (2 +x2 - x*)*/?

5005 1001

132300 11750 125

X (2+x2—x4>5/2— VS (2+x2—x4)5/2_ fntalsd
143 39 3

124141422 EllipticE[Ar‘cSin[%], -2] 50794416 EllipticF{Ar‘cSin[%], -2]

X° (242 - x4)%2 4

5005 5005
Result (type 4, 122 leaves):
-75836958 x + 48624305 x> + 172881581 x° +

32834763 x’ - 36649955 x° - 24642 275 x*! - 1556625 x'3 + 2646875 x*° +
1
625625 x'7 + 372424266 i \/4+2x* - 2x* EllipticE[i ArcSinh[x], - =] -

2
1
482444775 i /4 +2x?* - 2x* EllipticF[i ArcSinh[x], -f]]/ 15015+/2 + x* - x*
2

Problem 325: Result unnecessarily involves imaginary or complex numbers.

7+5x2)3 (2+x%-x%)%¥?dax
( )

Optimal (type 4, 121 leaves, 8 steps):
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X (2512273 + 5712051 x%) /2 + x? - x*
15015
x (33792 +374045x2) (2+x2-x*)*? 7825

+

125
X (2+x2—x4)5/2— —
3003 143 13

31072528 EllipticE{Ar‘cSin{%}, -2] 3199778 EllipticF{Ar‘cSin{ﬁ], -2]

X3 (24 x2 - x4)%2 4

15015 5005

Result (type 4, 117 leaves):

-872614 x + 11078615 x> + 13371048 x° - 1756521 x’ - 4448240 x° - 1027 775 x** +

388500 x'? + 144375 x** + 31072528 1 /4 + 2 x* - 2x* EllipticE[i ArcSinh([x], - =] -

1
418091251 ~/4+2x>-2x* EllipticF[i ArcSinh(x], 77})/ (15015«/2+x2—x4)

N |

2

Problem 326: Result unnecessarily involves imaginary or complex numbers.

7+5x2)2 (2+x%-x%)3¥?dax
( )*

Optimal (type 4, 100 leaves, 7 steps):

2. (11497 + 14889 x?) 1/ 2+ x2 - x* 1 (363 + 920 x?) (2+x2-x4)3/2-2—5x (24 x2-x%)%2 4

495 99 11
85942 o . X 3392 o ) X
EllipticE [Ar‘cSm [ —] B —2} - —— EllipticF [Ar‘cSm [ —] ) —2}
495 NEY 165 NEY

Result (type 4, 112leaves):
1

495+/2 + x2 - x*

1
1225 x™ + 1125 x** + 85942 i /4 + 2 x* - 2x* EllipticE[iArcSinh[x], - =] -

2
1
1238251 /4 +2x* - 2x* EllipticF[i ArcSinh[x], - —] )

2

(21 254 x + 53435 x> + 23097 x> - 19944 x” - 10760 xX° +

Problem 327: Result unnecessarily involves imaginary or complex numbers.

J(7+5x2) (2+x2—x4)3/2d1x

Optimal (type 4, 81 leaves, 6 steps):

(10874 669x2) 23 X+ Sx (a8 352 (205 x1)

315 63
4432 L . X 418 L. . X
—— EllipticE [ArcSin[ ——], -2] + — EllipticF[ArcSin[—], -2]

315 V2 105 V2
Result (type 4, 107 leaves):
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1
3152+ x% - x4

9 11 . 2 4 . . . . 1
110 x° + 175 x* + 44321 1[4+ 2x? - 2x* EllipticE[i ArcSinh(x], - =] -
2
. 2 4 . . . . 1
72751+/4+2x* - 2x* EllipticF[i ArcSinh[x], - —]

2

(3134 X + 4085 x> - 438 x° - 1674 X’ -

Problem 328: Result unnecessarily involves imaginary or complex numbers.
J(2+x2—x4)3/2d1x

Optimal (type 4, 74 leaves, 6 steps):

iX(19+3x2)\/erlx<2+X2_X4>3/2+

35 7
34 L . X 48 .. . X
— EllipticE [Ar‘c51n [ —} R —2] + — EllipticF [Ar‘c51n [ —} B —2}
35 NEY 35 V2
Result (type 4, 102 leaves):
o
3542+ x% - x4

1
58 X +45x> -31x° - 13x” +5x% +341+/4+2x*-2x* EllipticE[i ArcSinh(x], - ~] -

2
1
751+/4+2x*-2x* EllipticF|i ArcSinh[x], - —})

2

Problem 329: Result unnecessarily involves imaginary or complex numbers.

dx

J(2+x2—x4>3/2

7 +5x2
Optimal (type 4, 72leaves, 13 steps):

1y (13-3x%) m+ 22 EllipticE[ArcSin[L} , -2] -
75 375 Jz

178 X 1156 E1lipticPi[- 2, ArcSin[Lz} , -2]
—— EllipticF[ArcSin[—], -2] +
62> V2 4375

Result (type 4, 130leaves):
1
(455@ X +1225 x> - 2800 X° + 525 x” + 3220 1 1/ 4 + 2 x* - 2 x* EllipticE[i ArcSinh[x], - —] -
2

1
29611 +/4+2x*-2x* EllipticF[i ArcSinh(x], - =] -

2

5 1
1734 i+/4+2x*-2x* EllipticPi[ =, i ArcSinh[x], -f})/ (13125x/2+xz—x4)
7 2
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Problem 330: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

J(2+x2—x4)3/2

(7+5x%)°
Optimal (type 4, 93 leaves, 21 steps):
~/ 2 _ 4
—iXx/2+x2—x4 XV x X —iEllipticE[APcSin[L], -2+

75 175 (7 + 5 x?) 525 V2

1241 EllipticPi|- 17—”, ArcSin| & ], -2]

458 x
—— EllipticF[ArcSin[ —], -2] -
875 NEY 6125

Result (type 4, 201 leaves):
1

36750 (7+5x2) V2+x2-x*
e T ) 1
2450 x7 - 6790 i /2 (7+5x%) \/2+x? - x* EllipticE[i ArcSinh[x], - =] +

2
1
567 i /2 (7+5x) \/2+x?-x* EllipticF[i ArcSinh[x], - =] +

-14000 x - 11900 x> + 4550 x> +

2
. P R . 1
260611 /2 /2 +x*-x* EllipticPi[ =, i ArcSinh[x], - —] +
7 2
. 2 2 4 R . 1
186151 V2 x*+/2+x? - x* EllipticPi[ =, i ArcSinh[x], - —|
7 2

Problem 331: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

J<2+X2_X4>3/2
(7+5x%)°
Optimal (type 4, 102 leaves, 27 steps):

7 17x V21 %2 X ) 563 x V2 1 X2 _ X ) 191 EllipticE[Ar‘cSin[é], —2}
350 (7 + 5x2)2 9800 (7 + 5 x?) 9800

1251 E1lipticF [Ar‘cSin[%] , -2] ) 9879 EllipticPi[- 2, Ar‘cSin[%} , -2]

24 500 343 000

Result (type 4, 244 leaves):
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1

686000 (7 +5x2)% V2 +x? - x*
1
197050 x” + 13370 1 /2 (7+5x2>2x/2+xz—x4 EllipticE[i ArcSinh[x], - =] -

485100 x + 636650 x> - 45500 x° -

2
1
2541i+/2 (7+5x2)%~/2+x* - x* EllipticF[iArcSinh[x], - =] -
2
. 2 a4 = T . 1
48407112 /2 +x* - x* EllipticPi| =, i ArcSinh([x], - —] -
7 2
. 2 [ 2 w4 - T . 1
6915301 V2 x°1/2+X" -X E111pt1cP1[f, i ArcSinh[x], —f] -
7 2
. 4 | 2 w4 - T . 1
2469751 V2 X 2+ X" - X E111pt1cP1[f, i ArcSinh[x], —f]
7 2

Problem 332: Result unnecessarily involves imaginary or complex numbers.
(7+5x2)°
Ji dx
Optimal (type 4, 65leaves, 6 steps):

,gxﬁlpxzfx“ ~25x3q/2+x2-x* +
3

905 X X

——— EllipticE [ArcSin| ——], -2] - 542 EllipticF [ArcSin| —], -2]
3 V2 V2

Result (type 4, 97 leaves):
1

6V2+x2-x*

1
(72500x—1550x3+1100 x°+150 x” + 7810 i \/4 + 2 x* - 2x* EllipticE[i ArcSinh[x], - =] -
2

1
10089 i /4 +2x2 - 2x* EllipticF[iArcSinh[x], - f]]
2

Problem 333: Result unnecessarily involves imaginary or complex numbers.

(7+5x2)2

J e T
V2 +x2-x4

Optimal (type 4, 46 leaves, 5steps):

25 260 . . X — . X
ST xAf24x2 Xt 4 EllipticE [ArcSin[——], -2| - 21 EllipticF[ArcSin| ], -2]
3 3 V2 V2

Result (type 4, 92 leaves):
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1 3 5 . 2 4 . . . . 1
——————|-100x - 50 x> + 50 x> + 520 i /4 + 2 x? - 2x* EllipticE[i ArcSinh[x], - =] -
6V2+x2-x4 2

1
717 i /4 +2x* - 2x* EllipticF[i ArcSinh([x], -—]]
2

Problem 334: Result unnecessarily involves imaginary or complex numbers.
7 +5x?
J PR gk
V2 +x2-x4
Optimal (type 4, 25leaves, 4 steps):

X X
5EllipticE[ArcSin| ——], -2] + 2 EllipticF [ArcSin| —|, -2]
V2 V2

Result (type 4, 34 leaves):

1 1 1
—1 (1@ EllipticE[i ArcSinh[x], - =] - 17 E1lipticF[i ArcSinh([x], - —|
2 2 2

Problem 335: Result unnecessarily involves imaginary or complex numbers.

1
——dx
J\/ 2+ x%2-x4
Optimal (type 4, 10leaves, 2 steps):

EllipticF[Ar‘cSin[L], -2]

V2

Result (type 4, 19leaves):
i El1lipticF [fL ArcSinh[x], - i]

7 NE3

Problem 336: Result unnecessarily involves imaginary or complex numbers.

1
dx
J<7+5x2) V2 4+ x2-x*
Optimal (type 4, 17 leaves, 2 steps):

1 .. .. 10 . X
— E1llipticPi [— —, ArcSin [ 7] B —2}
7 7 NEY
Result (type 4, 24 leaves):

i EllipticPi| 3 i ArcSinh[x], - i]

72
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Problem 337: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J ! dx
(7+5x2)2\/2+x2—x4

Optimal (type 4, 74 leaves, 8 steps):
A/ 2 4
CBxN2exX X iEllip‘cicE{Ar‘cSin[L], -2] -

476 (7 +5x2) 476 V2

167 E1lipticPi|- %, ArcSin| %] , -2]

1 X
—— EllipticF[ArcSin[ —], -2] +
238 72 3332

Result (type 4, 196 leaves):
1
[—700x—350x3+350x5—70]1\/7 (7+5x2) \/2+x*-x* EllipticE[i ArcSinh(x], - =] +
2
1
1191 V2 (7+5x%) /2 +x* - x* EllipticF[i ArcSinh[x], - =] -
2
11691 V2 /2 +x* - x* EllipticPi]|

5 1
83512 x2+/2+x%-x* EllipticPi| =, i ArcSinh[x], ——]]/ [6664 (7+5%%) \/2+x*-x*
7 2

, 1 ArcSinh[x], -

— N v
N |

Problem 338: Result unnecessarily involves imaginary or complex numbers.

1
dx
J(7+5x2)3\/2+x2x4
Optimal (type 4, 102 leaves, 9 steps):
a5xV2ixi Xt 12525x\2exl okt 2900 EllipticE[Arcsin| ], 2]

952 (7+5x2)2 453152 (7 + 5 x?) 453152

263 E1lipticF [Ar‘cSin{%} , -2] ) 58915 E1lipticPi[- 2, Ar‘cSin[%] , -2]

226576 3172064

Result (type 4, 108 leaves):

1 350 x (-7966-8993 x2 + 1478 x* + 2505 x6) 1
-35070 1 /2 EllipticE[i ArcSinh[x], - =] +
6344128 <7+5X2>2“/2+X27X4 2

1 5 1
56287 i \/2 EllipticF[iArcSinh[x], - =] -58915i+/2 EllipticPi| =, i ArcSinh[x], - —|
2 7 2
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Problem 339: Result unnecessarily involves imaginary or complex numbers.

J< (7+5x%)° N

2+ x2-x4)%2

Optimal (type 4, 93 leaves, 7 steps):

x (1419985 +1419793 x?) 27500
+ xA/2+x2-x* +625x3 /2 +x% - x* -
3

18 V2 + x2 - x4

3482293 o ) X 627857 o ) X
— EllipticE [Ar‘c51n [ 7} , —2] + EllipticF [Ar‘c51n [ 7} , —2]
18 V2 6 2
Result (type 4, 97 leaves):
1

1749985 x + 1607293 x> - 153750 x° -

182+ x%2 - x4
1
11250 x” - 3482293 i /4 +2x? - 2x* EllipticE[i ArcSinh[x], - =] +

2
1
42816541 /4 +2x*-2x* EllipticF[iArcSinh[x], - —|

2
Problem 340: Result unnecessarily involves imaginary or complex numbers.
(7+5x2)*
J— dx
(2+x2-x4)%2
Optimal (type 4, 74 leaves, 6 steps):

x (83585 +83489x?) 625
+ XA/2+x2-x* -

182+ x% - x* 3

165239 o ) X 31921 o ) X
EllipticE [Ar‘c51n [ ] s —2] + EllipticF [Ar‘cSm [ } y - 2}
18 V2 6 2
Result (type 4, 92 leaves):
o
182+ x%-x*

1
[91@85 X + 87239 X% - 3750 x° - 165239 i /4 + 2x* - 2x* EllipticE[iArcSinh[x], - =]+
2
1
199977 i /4 +2x* - 2x* EllipticF[i ArcSinh[x], 7—])
2
Problem 341: Result unnecessarily involves imaginary or complex numbers.
(7+5x%)°
j— dx
(2+x2—x4)3/2

Optimal (type 4, 55leaves, 5steps):
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x (4945 + 4897 x?) 7147 1763

. . . X . . 3 X
EllipticE[ArcSin[—], -2] + EllipticF [ArcSin|[—], - 2]

182+ x2 - x4 18 V2 6 NEY
Result (type 4, 79leaves):
1 4945 x 4897 x3

R + _

1B V22 x4 J2ix2-x*

1 1
7147 i \/2 EllipticE[i ArcSinh[x], - =] + 8076 i /2 EllipticF[i ArcSinh[x], - |
2 2

Problem 342: Result unnecessarily involves imaginary or complex numbers.
(7+5x%)°
J— dx
(2+x2-x4)%2
Optimal (type 4, 55leaves, 5 steps):

x (305+281x%) 281 o . X 139 L. . X
- — EllipticE [APCSln[i] , —2} + —— EllipticF [Ar‘c51n [ 7} R —2]

182 +x2-x* 18 V2 6 NFY
Result (type 4, 79 leaves):
1 305 x 281 x3

_ + _

B lV/2:x2-x* 2:ix2-x*

1 1
2811 +/2 EllipticE|iArcSinh([x], - =] +2131i+/2 EllipticF[iArcSinh(x], - —]
2 2

Problem 343: Result unnecessarily involves imaginary or complex numbers.
7+5x2
J— dx
(2+x2-x4)%2
Optimal (type 4, 55leaves, 5 steps):

x (25+13x2) 13 o X 17 .. . X
- =~ EllipticE[ArcSin[——], -2]| + — EllipticF[ArcSin[ —], -2]

18v/2+x2-x+ 18 N2 6 N2
Result (type 4, 79 leaves):
1 25 x 13 x3

_ + _

B l/2:x2- x4 J2ix2-x*

1 1
131 +/2 EllipticE[i ArcSinh(x], - =] -6 /2 EllipticF[i ArcSinh(x], - =]
2 2

Problem 344: Result unnecessarily involves imaginary or complex numbers.

J;dx
(2+x2—x4>3/2
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Optimal (type 4, 55leaves, 5steps):

x (5-x2) 1 X 1 X
——————+ — EllipticE [ArcSin[ ——|, -2| + = EllipticF [ArcSin| —], -2]
18+/2+x2-x* 18 N2 6 N2
Result (type 4, 79 leaves):

1 5 x x3

- +

18 (V2ix2-xr 2+x2-%*

1 1
i+/2 EllipticE[i ArcSinh[x], - =] -31i+/2 EllipticF[i ArcSinh[x], - —|
2 2

Problem 345: Result unnecessarily involves imaginary or complex numbers.

J ! dx
(7+5x2) (2+x2—x4)3/2

Optimal (type 4, 72leaves, 8steps):

X (35-16 x?) X
+ EllipticE [ArcSin[—], -2] +
306 V2 + x2 - x+ 153 V2
1 L X 25 . .. 10 X

—— EllipticF[ArcSin[ ——], -2] - — EllipticPi[- —, ArcSin[ —], -2]

102 V2 238 7 V2
Result (type 4, 101 leaves):

1 490 x 224 x3

1
- +2241+/2 EllipticE[i ArcSinh(x], - =] -
4284 \\[2 . x2_x*  2+x2_x* 2

1 5 1
357 i /2 EllipticF[i ArcSinh[x], - =] +225i+/2 EllipticPi[ =, i ArcSinh[x], - —]
2 7 2

Problem 346: Result unnecessarily involves imaginary or complex numbers.

! dx
J(7+5x2)2 (2+x2—x4)3/2

Optimal (type 4, 100leaves, 17 steps):

. . . L
x (580 - 287 x2) ) 625 x V332 ) 5143 E1lipticE [Ar‘cSm[ﬁ ], -2]
104042 + x2 _ x* 16184 (7 +5 x2) 145656

89 EllipticF [ArcSin| %] , -2] 10825EllipticPi[- %, ArcSin| %} , -2]

+

24276 113288

Result (type 4, 196 leaves):
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1

2039184 (7+5x%) V2+x2 - x*
1
360010 x° + 72002 1 /2 (7 +5x?) \/2+x? - x* EllipticE|i ArcSinh[x], - ~] -
2
1
11174112 (7+5x%) y/2+x* - x* EllipticF|i ArcSinh(x], - —] +
2
. 2 2 RPN . 1
6819751 \/2 /2 +x?-x* EllipticPi[ =, i ArcSinh[x], - =] +
7

2

5 1
4871251 V2 x*+/2+x* - x* EllipticPi[ =, i ArcSinh[x], - ]
7 2

953260 X + 253 386 x> -

Problem 347: Result unnecessarily involves imaginary or complex numbers.

J ! dx
(7+5x2)° (24 x2-x4)%?
Optimal (type 4, 128 leaves, 26 steps):

X (9830 - 4909 x?) 625 x /2 + x2 _ x*
N
3537362+ x> -x* 32368 <7+5x2)2

o LT x )

645625 x 2 1 X2 _x# 3086453 E111pt1cE[Ar~csln[—ﬁ}, 2]
N

15407168 (7 + 5 x?) 138664512

+

+

60409 EllipticF[Ar‘cSin[%} » -2] 6898575 EllipticPi[- 2, Ar‘cSin[%] , -2]

23110752 107850176

Result (type 4, 244 leaves):
1

1941303 168 (7+5x2)2\/2+x2—x4

3857257460 X + 3876617542 x> - 737347940 x> - 1080258550 x’ +

4321034212 (7+5x%)%1/2+x% - x* EllipticE[i ArcSinh[x], -
673526911 /2 (7+5x%)%~/2+x? - x* EllipticF[i ArcSinh[x], -

+

5 1
304227157512 /2 +x* - x* EllipticPi[ =, i ArcSinh[x], - |
7 2
43461022501 \/2 x?+/2+x? - x* EllipticPi|
15521793751 V2 x*~/2+x? - x* EllipticPi|

, 1 ArcSinh[x], -

, 1 ArcSinh[x], -

[

NN |wn

Problem 348: Result unnecessarily involves imaginary or complex numbers.

J(7+5X2)4\/4+3X2+X4 dx

| 85
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Optimal (type 4, 242 leaves, 7 steps):
~/ 2 4
21065 x4+ 3 X7+ X +ix(18727+4516x2) Ja+3x2x? +

33 (2+x?) 33
3050x (4+3x2+x4)3/2+—235@0 x3 (4+.’-’>x2+x4)3/2+g
11 99 11

3/2

x° (4+3x2+x4)

516652 (2 +x2) 4(23#; EllipticE[ZAr‘cTan[J?], *]

33/4+3x%2+x4

33159 (2+x?) % EllipticF[zArcTan[%], i}

112 Va+3x2+x4
Result (type 4, 354 leaves):

1

396 |- —+4 Va+3x2 x4
-3i+V7

(663 924 + 1257535 %2 + 1217475 x* + 712748 x® + 264075 x& + 57250 x*° + 5625 x12) -
“3i++7 —2ix2 3i+47 +21x2
-31+V7 31+V7
21 3i-+/7
X}, ]+
-31+V7 31+V7

154995+/2 (3]1+\/7)

EllipticE[i ArcSinh|

“3i 447 -21ix? 3147 +2ix?
“3i+/7 3i4++/7

Bi—ﬁ]

X/,

“3i++7 3i+7

342 (—362531’1+51665 ﬁ)

EllipticF[i ArcSinh|

Problem 349: Result unnecessarily involves imaginary or complex numbers.
J(7+5x2)3\/4+3x2+x4 dx

Optimal (type 4, 221 leaves, 6 steps):
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4717 xV4+3x2+ x4 1 575
+ = x (1708 + 407 x2) \[4+3x2 ¢ x* + T x (4432 4 x8) P24

21 (2+x2) 21 7
4:3x2ixt ipti x 701
L 47172 (2+%2) (2;2)*2 EllipticE[2ArcTan| & ls gl
—x3(4+3x2+x4)3/2— i
9 21V4+3x2+ x4

1301 (2 + x?) % EllipticF[ZAr‘cTan[%], L

34/2 Va+3x2+ X
Result (type 4, 349leaves):

i

—3Ji+\/7

X (69 096 + 93656 X2 + 71862 x* + 30946 x® + 7725 x® + 875 xm) -

31447 —2ix? 3i++7 +2ix2
“3i+7 3147
21 3i-/7
X1, ]+
73]'1+\ﬁ 3]'1+\ﬁ

141512 (3j+\/7)

EllipticE[i ArcSinh|

31447 —2ix? 3i++7 +2ix2

“3i++7 3i4++/7

342 (—3409]1+4717 \/7)

3

214 3i-/7
X 252
“3i++7 } 3j+ﬁ]/

EllipticF[i ArcSinh|

Problem 350: Result unnecessarily involves imaginary or complex numbers.
J(7+5x2)2«/4+3x2+x4 dx

Optimal (type 4, 198 leaves, 5 steps):
~/ 2 4
39X VA 3 X7+ x +Ex(119+38x2)x/4+3x2+x4+

7 (2+x?) 7
+3 x2+x4 . .
. 3192 (2+x?) “(2-”#)*2 ElllpthE[ZAr‘cTan[%], L]
7X<4+3X2+X4)3/2_ N
/ 7V/4+3x7 x4

81 (2+x2) 4(23#; EllipticF[ZAr‘cTan[%], 2]

V2 V4+3x2+x4
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Result (type 4, 343 leaves):

i
4 [-— x (876+1109x2+658x4+188x5+25x8) -

“3i+7

3547 —2ix? 31447 +2ix2
319\5(3j+\/7)\/ i+V7 -2 \/ i+37 +2i

“3i+/7 3147
21 3j,¢7]

EllipticE[i ArcSinh[ |- x|,

N
—3]'1+\/7 3]'1+\/7

“3i+/7 3147

2] 31-+7 i
EllipticF[i ArcSinh[ |- = x|, = \/_] / 28 [-— 2 Jai3x®ixt
-3i+/7 3i++7 —3i++7

Problem 351: Result unnecessarily involves imaginary or complex numbers.
J(7+5x2) A4 +3x%+x* dx

Optimal (type 4, 177 leaves, 4 steps):
~/ 2 4
IX V43X X +1x(10+3x2)x/4+3x2+x4—

2 + X2 3

3547 —2ix? 31447 +2ix2
\E(351+319\/7)\/ 1+47 -2 \/ 1+V7 +2i

9vV2 (2+x?) % EllipticE{ZAr‘cTan[%], =]

Va4 +3x2+xt

49 (2 +x2) 4(;“% EllipticF[ZAr‘cTan[vX?], 5]
+X

3\/?\/4+3X2+X4
Result (type 4, 338 leaves):
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: 31447 -2 x2
4 #x(40+42x2+19x4+3x6>—27\5(3]‘1+\ﬁ) 1+V7 -2i
73J'l+\/7 731'1+\/7
3147 +21i x2 2 i 3i-+/7
LeV7 +2d EllipticE[i ArcSinh| |- = x|, = \/—] +
3i+/7 “3i+7 3i++/7

~3j 7 -2ix? 3i 7 +21ix?
\/7(—7]']_+27\/7) ]].+\/_ 1 J].+\/—+ 1
“3i+7 3i+7

L. . 21 3i -7
E111pt1cF[1‘1 Ar‘c51nh[ - x}, 12 ———— \J4+3x2+ X
—3]'1+\/7 3]1+r —31+

Problem 352: Result unnecessarily involves imaginary or complex numbers.
Jx/4+3x2+x4 dx

Optimal (type 4, 169 leaves, 4 steps):

V2 (24x?) [ #2520 EllipticE[2 ArcTan|[ 2], i]

1 T4 XV4+3x2ixt (202 V2
— X/ 4+3x°+x" + - +
3 2+ x? Va3 x4 x4
443 x24x* . . 1
7 (2+x?%) ﬁ ElllptlcF[ZArcTan[f?}, 2]
3\/7\/4+3X2+X4
Result (type 4, 331 leaves):
i -31 7 -2ix?

4 o —2 X (4+3x2+x*) =372 (31447 LeV7 -2d

~3i++7 -3i++7

31 7 +21ix? 21 31-+V7
107 r2ix EllipticE[i ArcSinh[ |- = x|, = V—] +
3i++7 -3i++7 3i++/7

~3 7 —21ix? 3 7 +21ix2
\/7(—711+3\/7) JL+\/— 1X Jl+\/_+ 1X
“3i+7 3i+7

o ] 21 3i -7
ElllpthF[]l Ar‘cSmh[ - x}, 12 ———— J4+3x2+ Xt
~3i+47 31+V" -3i+47
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Problem 353: Result unnecessarily involves imaginary or complex numbers.

V4 +3x2+xt
J—d]

X
7 +5x?

Optimal (type 4, 322 leaves, 7steps):

\/4+3X2+X4 1 11
= | == ArcTan] }7
5 (2+x2) 5 35 NIET R

V2 (2+%2) % E111pt1cE[2Ar‘cTan[ﬁ], i}

5vV4+3x%+x4

9 (24 x2) 4(23%; EllipticF[ZAr‘cTan[%}, 5]

25+/2 4+3x%+x4

112 (2+x2) “(;Xf)x ElllptlcF[ZAr‘cTan[ﬁ], *]

75V 4 +3x%+ x4

187 (2 +x2) 4(*23% EllipticPi [ , 2ArcTan| X
+x?

5252 V4 +3x2+ x4
Result (type 4, 283 leaves):

21 x? 21 x?
- 1- 1+
-31++V7 31+V7

{35 (3i++7 ) EllipticE[i ArcSinh[ |-

21 3i -7
x|, |+
“3i+7 3147
21 3i-/7
— x|, /| +
—3]'1+\/7 3]'1+\/7

(71 -35+/7 ) ELlipticF [ Arcsinh|

88 i E1lipticPi|— (3+17 ), iArcsinh|
14
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Problem 354: Result unnecessarily involves imaginary or complex numbers.

Va4+3x2+xt
J— dx
(7+5x%)2
Optimal (type 4, 284 leaves, 7 steps):
2 % X
51 Ar‘cTan[
XVa4+3x2+xt  xV4+3x2+x4 \ 43 %2 x
- + + +
70 (2 +x?) 14 (7 +5x?) 280 /385

(2+x%) “(Z-”Xf)x EllipticE[2ArcTan[ 2], L]

3542 V4 +3x%+x4

(2+x%) 4(23#; EllipticF[2ArcTan[ -], 0]

3542 V4 +3x2+x4

289 (2 + x2) % EllipticPi[—zé, ZAPcTan[%], i}

98002 V4 +3x%+x*

Result (type 4, 481 leaves):
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1
9800 |- —1 (7+5x2) Va+3x+x
-3i+\/7
S ] 5 41 x2
700 |- —————— x (4+3x +x)+35(31+\/7> (7+5%%) |2- ——
“3i+7 “3i++7
21 x2 21 3i-+/7
1,20 EllipticE[i ArcSinh| |- —— x], 3i-97 )
31'1+\/7 —3:|'l+\/7 3]i.+\/7

214 ] Bﬂ—ﬁ]
“3i++7 ,31“/7

EllipticF[i ArcSinh| -981 (7+5x?)

4 i x? 1 2 1 x2 21 31-+7

2- —— + EllipticF[Ji Ar‘cSinh[ - x|, -
73]'1+\/7 3]'1+\ﬁ 73]'1+\ﬁ 3]'1+\/7

4 i x? 1 21 x2

N
31447 31447

102 1 (7+5x2) 2 -

21 ] 3]1-ﬁ]
g, 2N
“31i++/7 3i+7

EllipticPi| £l (3 +i \/7) , 1ArcSinh| |-
14

Problem 355: Result unnecessarily involves imaginary or complex numbers.

(7+5x2)3

dx

Optimal (type 4, 312leaves, 18 steps):
139xV4+3x2+x*  x\Va+3x2+xt  139x/4+3x2+x
- +

86240(2+x2) ' 28(7+5X2)2 17248 (7+5x2)

+

11
35

2

14999 ArcTan | 139 (2+x2) | &2 E1lipticE[2ArcTan| ], 1]

443 x2+x4 (2+X2)2 8
344960 / 385 431202 V4 +3x2+x4

23 (24 x2) “(23#; EllipticF[ZAr‘cTan[é], 5]

29402 V4 +3x2+x*

+3x24x4 . . .
254983 (2 +x2) 4(;#)’: ElllpthPl[—zz%e, 2Ar‘cTan{%], ]

362208002 V4 +3x%+x4
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Result (type 4, 308 leaves):

700 x (1589 + 695 x2) (4 + 3 x% + x* 2 1 x2 21 x?
( ) { )+]'l\/6+2]'l\/7 1. vy, e
(7+5x2)2 “3i++7 3147

21 ] 31 -7
L B
“3i+7 3i4+/7

4865 (3 -1 +/7 | EllipticE i ArcSinh[ |- | + (9597 + 4865 i V/7 |

2 ] 317\/7}—29998E11ipticPi[i(3+1’1\ﬁ),

XJ
—31'L+\/7 31'1+\/7 14

2 3i-4/7
iArcSinh| |- = x], > \/7} /[12073600«/4+3x2+x4
-3i+4/7 3i+4/7

EllipticF[i ArcSinh|[ |-

Problem 356: Result unnecessarily involves imaginary or complex numbers.

J(7+5x2)4 (4+3x2+x4>3/2d1x

Optimal (type 4, 268 leaves, 8 steps):
12665086 x /4 + 3x2+ x* 7 X (661429 + 174989 x?) \/4 + 3 x? + x*

+

2145 (2 +x?) 2145
452001 + 131080 x2) (4 +3x2 +x4)/?
x( + X)( + X+X> +92150)((4+':’»x2+x4>5/2+@Xs (4+3X2+x4)5/2+
1287 429 13

12665086 /2 (2 +x?) 4*23"# EllipticE[ZAr‘cTan[%], =]

125 (2002)2 217 s
—x5(4+3x2+x4)5/2— +
3 21454 + 3 x2 + x4

2383556+/2 (2+x2) % EllipticF[ZAr‘cTan[é}, i}

429 /4 +3x2 + x4

Result (type 4, 364 leaves):
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R
-31+V7
212188905 x® + 83076275 x*® + 21862875 x*2 + 3526 875 x* + 268125 x15) -
-31+v7 -21ix2 3i+4/7 +21x?

-31+V7 31+V7
21i 3i-4/7

x}, ]+
“3i++/7 31 ++/7

X (180 184116 + 391419623 x% + 472235001 x* + 377574349 x° +

18997629 /2 (3i+ﬁ)

EllipticE[i ArcSinh|

“3144/7 —2ix? 3i++7 +2ix2
“31++7 3i+7
21 317\5]
X,
73]'1+\ﬁ 3]'1+\ﬁ

212 (-477617 i + 904 649 \/7)

EllipticF[i ArcSinh|

Problem 357: Result unnecessarily involves imaginary or complex numbers.

J(7+5x2)3 (4+3x2+x4>3/2d1x

Optimal (type 4, 247 leaves, 7 steps):
4525662 x /4 +3x2+ x4 x (1653701 +435441x%) V4 +3x%+x*
N

+

5005 (2 + x2) 5005
53504 + 15365 x2) (4 +3 x2 + x4)3/2
X( + X)( +3X +X> +3825X(4+3X2+X4)5/2+£X3 <4+3X2+X4>5/27
1001 143 13

4525662/2 (2+x2) 4(23% E1lipticE 2 ArcTan| 2], L]

50054 + 3 x2 + x*

121826/2 (2+x?) % EllipticF[ZAr‘cTan[%}, i]

1434 +3x2+x*
Result (type 4, 358 leaves):
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i

-— X (19463 124 + 36710547 x% + 37166 164 x* + 24107711 x® + 10713970 x& +
-31+V7

3 _2ix2
3158575 x1° + 567000 x'2 + 48125 xM) - 2262831 /2 (3]1”/7) i+V7 -2
—3]'1+\ﬁ
21 3i-7
x], ]+
“31++7 3i+7

31+V7 +21x?

3i+7

EllipticE[i ArcSinh|

S3i 47 —2ix? | 3i+7 +2ix?
\/?(—121582311+2262831\/7) 1+47 -2 i+37 +2i

“314++/7 3i+7

EllipticF [J'l Ar‘cSinh[ 21 } 3i-4/7 ]

X)
“3i++7 3i+/7

Problem 358: Result unnecessarily involves imaginary or complex numbers.

J(7+5x2)2 (4+3x2+x%)2ax

Optimal (type 4, 226 leaves, 6 steps):

175346 x V4 + 3x% +x* X (64533 +18253x%) V4 +3x? + x*
+ +
1155 (2+x2> 1155

o (6831 + 2240 x?) (4+3x2+x4)3/2+2_5X (4+3x2 %)% -
693 11

175346 /2 (2+x2) |22 EllipticE[2ArcTan| 2], 1]

(20x2)2 8

8
11554 + 3 x2 + x*

4628 /2 (2+x2) 4(23% EllipticF[zArcTan[Lz], L]

33/4+3x%+x4
Result (type 4, 354 leaves):
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1

6930 |- —1— Jai3x2+x
31+ 7

(1 824876 + 2932753 x2 + 2435811 x* + 1229714 x° + 408 480 x® + 82075 x® + 7875 x12> -
-31++7 -2ix2 3i++7 +21x?
-31+V7 31i+V7
21i 3i-+/7
x}, ]+
“3i++/7 3i++/7

263019+/2 (31+\/7)

EllipticE[i ArcSinh|

“3i++47 —2ix? 3i+7 +21ix2
“31i++7 3i+7

32 (—342091’1+87673 ﬁ)

EllipticF[i ArcSinh|

Problem 359: Result unnecessarily involves imaginary or complex numbers.

J(7+5x2) (4+3x2+x4)3/2d1x

Optimal (type 4, 207 leaves, 5 steps):
~/ 2 4
2798 xNA3xTex 1 x (1029 + 289 x?) /4432 + x* +

105 (2 + x2) 105

» 27982 (2+x?) a:3x0d EllipticE[ZAr‘cTan{ﬁ}, 2]

1 (2+x2)2
fx(108+35x2) <4+3x2+x4)
63 1054 + 3 x2 + x4

742 (2+x2) “(;f%)f’ EllipticF[ZAr‘cTan[é], i}

3vV4+3x2+x4
Result (type 4, 349leaves):
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e (20 988 + 28489 x% + 19068 x* + 7082 x® + 1590 x® + 175 xm) -

—3j.+\/7

“3i++7 —2ix? 3147 +21ix2
3147 3i+7
214 3i-+7
x}, ]+
“3i++7 3i+7

4197ﬁ(3j+\/7)

EllipticE|i ArcSinh|

“3i++7 —21ix? 3i+7 +21x2

3+/2 (—567]’1+1399ﬁ)

“3i4+/7 3i+7

EllipticF[i ArcSinh|

Problem 360: Result unnecessarily involves imaginary or complex numbers.

J(4+3x2+x4)3/2 dx

Optimal (type 4, 198 leaves, 5steps):
2 4
BB fagoxt) fas et -

35 (2+x2) 35

1382 (2+%2) % EllipticE[ZAr‘cTan[\"E}, ]
X
lx(4+3x2+x4)3/2— !

7 354 +3x2+ x4

a2 (2+%2) 4(23#; EllipticF[ZAr‘cTan[f?], 2]

Va4 +3x%+x4
Result (type 4, 343 leaves):
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: 31 44/7 —21ix?

2 |- — x(276+303x2+161x4+39x6+5x8)—69\5(31‘1+ﬁ) 1+47 -2i

73J'l+\/7 73]'l+\/7
3147 +21x2 21 31 -+/7
LeV7 +2d EllipticE[i ArcSinh| |- = x|, = \/—] +
3i+/7 “3i+7 3i++/7

“3i+7 3i4+/7

21 3]1—
- x|, 70 |- ———— /4+3x*+x
—3]'1+\/7 3]1+r —31+

Problem 361: Result unnecessarily involves imaginary or complex numbers.

-31 7 —21x2 31 7 21 x2
\/7(-77i+69\/7)J 1+v7 -2i JV_ i

EllipticF[i ArcSinh|

<4+3X2+X4>3/2
J dx
7 +5x2
Optimal (type 4, 284 leaves, 12 steps):
2 [ x
94 xV4+3x%+x4 1 11 35
+ X (11+3%) \[4+3x7+x* — ArcTan|[—————| -
125 (2+x?) 75 "1251 35 Vai3x2 x4
4+3 X°+ 1
942 (2+x2) (;ﬁ E111pt1cE[2ArcTan[ﬁ], g}
N
1254 + 3 x%2 + x*
4+3 x°+ 1
542 (2+x2) (Zxﬁ E111pt1cF[2Ar‘cTan[ﬁ], <]
N
1254 +3x%+x*
4+3x%+ 1
41142 (2+x?) ﬁ E111pt1cP1[ 2ArcTan[ﬁ}, ;]
131254 +3x% + x*

Result (type 4, 477 leaves):
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26250 |- —1 Va+3x2 x4
31+J7

350

3i+4/7 —2i X2
x(44+45x2+20x4+3x6)—4935\/?(3]’1+\ﬁ) 1+47 -2ix

73]'L+\/7

73]'L+\ﬁ
3147 +21x2 21 31 -+/7
LeV7 +2d EllipticE[i ArcSinh| |- = x|, = \/—]+
3i+/7 “3i+7 3i4++/7
31447 —2ix2 [ 3147 +21x2
7\/7(—24111+705\/7) 1+v7 -2i 1+V7 +2i
“31i++7 3i+7
2 3i-+/7 30447 -2 x2
EllipticF[i ArcSinh| |- — " x], == \ﬁ]fssosjﬁ i+V7 -2ix
“3i++7 3i+7 “3i++7

. i x2
3i+47 +21ix Ellipticpi[i(3+jﬁ),jLAr'cSinh[

3i+47 14

Problem 362: Result unnecessarily involves imaginary or complex numbers.

dx

J(4+3X2+X4>3/2

(7+5x%)2
Optimal (type 4, 305leaves, 19 steps):

1 S 2 AxVa+3xText  22xV4+3x2+xt
— X\/4+3X +X" + + +
75 175 (2 + x?) 175 (7 + 5x2)

u V2o (2+x?) [ %2X2C EllipticE[2ArcTan |
11 35 <2+X2)2 N2 8
APcTan +
350 1/ 35 4+3X2+x4 1754+ 3x2 + x*

4~/2 (24x3) [43XC E111pt1cF[2Ar‘cTan[ﬁ], <]

—
-

=

[E—

(2+X>
175V 4 + 3 x% + x4

2431 (2 + x2) “(;% EllipticPi[- 2, 2ArcTan[ ], 0]
+x2

367502 V4 +3x2+x?
Result (type 4, 309 leaves):

| 99
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175x (23 +7x%) (4+3x%+x* 2 i x2 21 x2
( ) )—i\/6+2i\/7 L S I S
7 +5x2 “3i++7 3i+7

2i 3i -7
x|, |+
73]'1+\/7 3]'1+\/7

105 (3 - V/7 | EllipticE[i Arcsinh[ |-

21 3i-7
x|,
“31i++7 3i+7

i(3+j1\/7),iAr‘cSinh[ S ],3i_\/7} /(18375x/4+3x2+x4)

X
14 “3i+7 3i4+/7

7 (158+15 i /7 | EllipticF[i ArcSinh| ] + 429 E1lipticPi|

Problem 363: Result unnecessarily involves imaginary or complex numbers.

dx

J<4+3X2+X4>3/2
(7+5x2)°
Optimal (type 4, 440 leaves, 22 steps):
IXVA+3x2+x*  11xV4+3x>+x*  167xV4+3x%+x*
+

+

1960 (2+x2) 175 (7 + 5x2)2 9800 <7+ 5x2)

+

) [ n

1347 ArcTan[ —22—] 111 (2+x2) | #22C EllipticE[2ArcTan| 2], 1]

443 x2+x* (2+X2)2 ﬁ 8
7840 +/ 385 245002 V4 +3x%+x*

62 (2+x2) |2 EllipticE[ZAr‘cTan[JX?], <]

(2+X2>2

875V4 +3x%+x*

817 (2 +x2) % EllipticF|2 Ar‘cTan[%} s ;]

918752 V4 +3x%+x4

22+/2 (2+x2) % EllipticF[ZAr‘cTan[ﬁ], 2]

131254 +3x% +x*

7633 (2+x2) | #2290 E1lipticPi[- 2, 2ArcTan[ 2], 1]
(2+x2)? 280 V2 8
2744002 4 +3x2+ x4
Result (type 4, 309 leaves):
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140 x (357 + 167 x?) (4 + 3 x% + x*) m
-1 + 1

(7+5x2)2

a2
1. 2P s 3-£/7 ) EllipticE i ArcSinh|
31'1+\/7

21 3i -7
o, P
—3]'1+\/7 3]'1+\/7

21 3i -7
X/,
“3i4++/7 3i+7

i(3+jl\/7),iAr'cSinh[ S ],3j_\/7}J/(2744eex/4+3x2+x4

7 (10344517 | EllipticF[i Arcsinh| |- ] + 2694 E1lipticPi|

X
14 “31i++7 3i+7

Problem 364: Result unnecessarily involves imaginary or complex numbers.
(7+5x2)°
J— ax
Va4 +3x2+xt
Optimal (type 4, 187 leaves, 5steps):

15x V4 +3x%+x4
75x/4+3x2+x* +25x3/4+3x2+ x4 - AN

2+ x2

152 (2+x2) ﬁ EllipticE[ZAr‘cTan[%],

V4 +3x2+x4

[

}

13 (2 +x2) % EllipticF[ZAr‘cTan[%], i}

22 4+3x%+x4

Result (type 4, 337 leaves):

“31i4++47 —2ix?
“31++7

100

X(12+13X2+6X4+X6) +15\/7 (3i+\/7)

“31++7

. . 2 . -7
31477 +2ix E11ipticE [i ArcSinh | 21 ], 2 ﬁ]

X/, -
3]'1+\ﬁ —3]'1+\ﬁ 3]'1+\/7

“3i++7 —2ix? 3147 +21ix?
731'1+\/7 3]1+\/7

\E(1311+15ﬁ)

21 3i -7
s 4
“3i+7 ) 311+\/7]/

— 4 +3x*+x*

EllipticF|i ArcSinh|
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Problem 365: Result unnecessarily involves imaginary or complex numbers.

(7+5x%)2
J—dlx
Va4+3x2+xt

Optimal (type 4, 170 leaves, 4 steps):

202 (2+x2) [ 22X E11ipticE[2ArcTan|[ 2], &
25 > . 20X 44+ 3x%+x4 ( ) (24x2)2 [ [\/7}’ 8]
— XA\/4+3 X +X" + _

> 2+ 4+3x2+x4

167 (2 +x2) % EllipticF[zAr‘cTan[%}, L

62 4+3x%+x4

Result (type 4, 331leaves):

i 37 7 -21x2
Y — x(4+3x2+x4)-3eﬁ(3j+ﬁ) 1+v7 -2ix
“3i+7 “3i4++7
3 i 7 +21x? 21 31-+7
LoV7 c2ix EllipticE[jArcSinh[ - = x|, = \/—]+
3i++7 “3i++7 3i+7

731'1+\ﬁ 3]'1+\/7

21 31-vV7 1
EllipticF[i ArcSinh[ |- = x|, = \/_] / 6 |-— " Ja.3xxt
~3i++/7 3i++7 -3i++7

Problem 366: Result unnecessarily involves imaginary or complex numbers.

30447 —2ix2 [ 3i+T7 +2ix2
\/7(43]1+3e\/7)\/ 1+47 -2i \/ 1+V7 +2i

j 7 +5x? dx
V4 +3x2+x4
Optimal (type 4, 151 leaves, 3 steps):

52 (2+x2 4:3¢o E11ipticE[2 ArcTan| X, L
Sx VA3 (23] ||y ELLipticE| [zl e
- +
2+ x2 Nar3x2xt

17 (2 +x2) % EllipticF[ZAr‘cTan[é], L]

2\/?\/4+3X2+X4
Result (type 4, 214 leaves):
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2 1 x? 21 x?
1-——— 1+ ————
-31+V7 31+vV7

-5 (3]‘1+\/7) EllipticE[jAr'cSinh[ - 21 x], 3j_ﬁ] +
-31+4/7 3i+7

21 3jﬁ}]/

i +5+/7 ) ELlipticF [ Arcsinh[ | - x],

“31i4++7 3i+7

—3:|1+\/7

i
[2\/2 S J4+3x2+x*

Problem 367: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1
—dx
J\/ 4 +3x%+x4
Optimal (type 4, 64 leaves, 1 step):

(2+x2) % EllipticF[ZAr‘cTan[%}, 2]

22 4 +3x%+x4

Result (type 4, 142 leaves):

2 x? 2x? 2 -3-i+7
i [1-————— [1-———— EllipticF[iArcSinh| |- x|, V7
-3-17 -3+1+7 -3-1+7 -3+1+7

[\/? 7; \A+3x%+ x4
\| -3-i7

Problem 368: Result unnecessarily involves imaginary or complex numbers.

1/

| : ax
(7+5x%) Va+3x2+x*

Optimal (type 4, 168 leaves, 3 steps):
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11 2 4+3 x2+x4 . . 1
- 2 |5 x (2+x?) —(2:;2)’; E111pt1cF[2Ar‘cTan[\XE}, <]
= [ = ArcTan]| |- +
4N 77 Va+3x2+xt 6V2 Va+3x2ext

17 (2 +x?) % EllipticPi[- 2, 2Ar‘cTan[%}, L]

84+/2 V4 +3x%+x4

Result (type 4, 159 leaves):

2 x? 2 x? 5
e 1 EllipticPi[- = (-3-1+/7 |,
-3-i7 -3+17 14
2 ~3-i+7
iArcsinn| |- 2y, 2ANT /v
-3-i+7 -3+i7

Problem 369: Result unnecessarily involves imaginary or complex numbers.

j 1 dx
(7+5x2)2/4+3x2+ x4
Optimal (type 4, 286 leaves, 6 steps):
2 n X
37 S Ar‘cTan[L]
5XxV4+3x2+xt 25xV4+3x2+x4 \ 77 413 x2ixt
- + +

616 (2+x2> 616 (7+5x2) 2464

5 (24 x2) 4(23%; EllipticE[ZAr‘cTan[%}, 5]

3082 V4 +3x%2+ x4

(24 % EllipticF[ZAr‘cTan[J"?], <]

422 V4 +3x%+x4

629 (2 +x?) % EllipticPi[—zé, ZAPcTan[%], i}

51744+/2 /4 +3x%+ x4

Result (type 4, 481 leaves):



Mathematica 11.3 Integration Test Results for 1.2.2.3 (d+e x~2)~"m (a+b x~2+c x~4)~p.nb

1
17248 |- —1 (7+5x2) Va+3x2+xt
73]'1+\/7
2 4 . 2 4ix?
700 |- —————— x (4+3x +x)+35(31+\/7> (7+5%%) |2- ——
“3i+7 “3i++7
21 x2 21 3i-+/7
1,20 EllipticE[i ArcSinh| |- —— x], 3i-97 )
31'1+\/7 —3:|'l+\/7 3]i.+\/7

214 ] Bﬂ—ﬁ]
“3i++7 ,31“/7

EllipticF[i ArcSinh| +981 (7+5x?)

4 i x? 1 2 1 x2 21 31-+7

2- —— + EllipticF[Ji Ar‘cSinh[ - x|, -
73]'1+\/7 3]'1+\ﬁ 73]'1+\ﬁ 3]'1+\/7

4 i x? 1 21 x?

Lo ertxr
“3i+7 3i4++/7

74 i <7+5x2) 2 -

21 ] 3]1-ﬁ]
g, 2N
“31i++/7 3i+7

EllipticPi| £l (3 +i \/7) , L ArcSinh[ |-
14

Problem 370: Result unnecessarily involves imaginary or complex numbers.

1
J dx

(7+5x%)°Va+3x2+ x4
Optimal (type 4, 314 leaves, 7 steps):

555x V4 +3x2+x*  25xV4+3x2+x*  2775xV4+3x%+ x4
- +

+

758912 <2+x2) 1232 (7+5X2>2 758912 (7+ 5x2)

2 |2 x
3285 /% ArcTan[—L= ] 555 (242) % EllipticE[ZAr‘cTan[é], 5]

443 x2+x* <2+X
v .
3035648 379456 V2 V4 +3x% +x*

(2+x?) ﬁ EllipticF[2ArcTan[ -], [

86242 4 +3x%+x*

18615 (2 + x?) % EllipticPi[- 20, 2ArcTan| -], 7]

212495362 V4 +3x%+ x4

| 105
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Result (type 4, 308 leaves):

700 x (1393 + 555 x2) (4 + 3 x%2+x* 2 1 x2 21 x?
( ) { )+]'l\/6+2]'l\/7 1. vy, e
(7+5x2)2 “3i++7 3147

21 ] 31 -7
L B
“3i+7 3i4+/7

3885 (3 i \/7 | ELlipticE[i ArcSinh| |- ] + (940138851 /7 |

21 ] 3jiﬁ}+6570E11ipticPi[i(3+jﬁ),

XJ
—31'L+\/7 31'1+\/7 14

2 3i-4/7
iArcSinh| |- = ], 2 \/7}] /[21249536«/4+3x2+x4

EllipticF[i ArcSinh|[ |-

X
“3i4++7 3i+7

Problem 371: Result unnecessarily involves imaginary or complex numbers.
J (7 +5x?) ix
(4+3X2+X4>3/2

Optimal (type 4, 219leaves, 6 steps):

x (99493 + 45779 x? 5000
( )+ XA/4+3x2+x* +625x3/4+3x2+x* -
28

4+3x%+x4 3

220779 (24 x2) | £ Elliptick[2ArcTan| ], 2]

220779 x /4 +3x% + x* (20x)? 8
+ —
28 (2+x) 142 Va3 X"

130729 (2 +x?) % EllipticF[ZAr‘cTan[é}, L]

12+/2 4 +3x%+x4

Result (type 4, 339leaves):
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e (858 479 + 767 337 x> + 297500 x* + 52 500 x5) +

—3j.+\/7

“3i 447 —21ix2 3i+7 +21x2
“3i++7 3i++7
214 ] 31-%7]
X\, -
“3i++7 3i+7

662337 /2 (3j+ﬁ)

EllipticE[i ArcSinh|

“3i++7 —2ix? 3i+/7 +21ix?

V2 (975 947 i + 662337 \/7)

“31++7 3i+7

EllipticF[i ArcSinh|

Problem 372: Result unnecessarily involves imaginary or complex numbers.
J (7+5x?) ix
(44—3X2+X4>3/2

Optimal (type 4, 200 leaves, 5steps):

+

4 +3x%+x4 3 28<2+X2>

X (2719 - 4623 x?) 625 S . 14523xV/4+3x2+x
XA[4+3X+XxX" + -

14523 (2 +x?) % EllipticE{ZAr‘cTan[%], L]

14/ 2 4+3x%+x4

4243 (2+ X2) % EllipticF[ZArcTan[J"?], i}

122 V4+3x2+ x4
Result (type 4, 333 leaves):

| 107
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i

31 44/7 —21ix?

4 7x(78157+40431x2+17500x4)—43569\5(31‘1+\ﬁ) i+V7 -2i

73J'l+\/7 73J'l+\/7
3i44/7 +21ix2 21 31 -+/7
LeV7 +2d EllipticE[i ArcSinh| |- = x|, = \/—]+
3i+/7 “3i+7 3i++/7

3 C2ix2 31447 +2ix2
\/7(1861791’1+43569\/7) 1+47 -24 1+V7 +2i
“3i+7 3147

s . 21 3i -7
E111pt1cF[1‘1 Ar‘c51nh[ - x}, 336 4 +3x%+xt
—3]'1+\/7 3]1+r —3]1+

Problem 373: Result unnecessarily involves imaginary or complex numbers.
2\3
J (7+5x?) ix
<4+3X2+X4>3/2

Optimal (type 4, 181 leaves, 4 steps):

4449 (2 +x?) 43000

X (2323+949x%) 4449 x4 +3x2 + x* (24x2)?
- +

282352 1 %% 28 (2+x?)

EllipticE[2ArcTan| >~ . ], 2

142 Va+3x2+ x4
4+3 x2+x4 1
973 (2 +x?) ﬁ E111pt1cF[2ArcTan[ﬁ}, 5]
4~2 Jai3x2 x4
Result (type 4, 328 leaves):
i -3 7 - 21 x>
Y/ x(2323+949x2)-4449ﬁ(311+\/7) 1+V7 -2ix
-3i+/7 “3i+/7
3 7 +21x2 2 i 3i-+/7
i+V7 +2ix E1lipticE[i ArcSinh| |- ————— x], == r]+
3]'1+\/7 —3:|'l+\/7 3]i.+\/7

73]'L+\ﬁ 3]1+\ﬁ

L. ) . 21 3]1—
EllipticF|i ArcSinh| |- x|, 112 A A+3x% e xt
—3i++7 3“\/— —3i++7

-31 7 -21x? 3i 7 +21x2
\E(3899]1+4449ﬁ)J 1+47 -2 J 1+97 +2i
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Problem 374: Result unnecessarily involves imaginary or complex numbers.

J (7+5x2)2 N

<4+3X2+X4>3/2

Optimal (type 4, 181 leaves, 4 steps):

113 (2+x?) &3xtod E111pt1cE[2Ar‘cTan[ﬁ}, ~]

X (9-113x?) 113 x4+ 3x2 + X4 (2032)*
- + +

4+3x% x4 28 (2+x?) 14+/2 Va+3x2 x4

9 (2+x?) 4(2-”% ElllptlcF[zArcTan[ﬁ], ]

42 \Jai3x2 x4
Result (type 4, 329 leaves):
i 3i+4/7 —2ix2
4 | * x(—9+113x2>+113\/?(31'1+\/7) 1+V7 -2ix
~3i+7 -3i+7
3i+4/7 +21ix? 2 3i-+/7
1+V7 +2ix EllipticE[i ArcSinh[ |- = x], 2= \/—]—
3i+4/7 -3i+/7 3i++/7

33447 —2ix? 31447 +2ix2
\/7(194311+113\/7)J 1+v7 -2i J 1+V7 +2i

“31i++7 3i+7

L. . 21 3i -7
EllipticF[i ArcSinh| |- x|, 112 |- ————— ~/4+3x%+x*
-31+V7 3i++V7 —3i 447

Problem 375: Result unnecessarily involves imaginary or complex numbers.
J 7 +5x?
dx
(44—3X2+X4>3/2

Optimal (type 4, 181 leaves, 4 steps):

19 (2+X2> 4(*;%*)" E111pt1cE[2Ar‘cTan[\/?], i]

x (53+19x*)  19xV4+3x2+x*
- +
28\/4+3x2+ X 28 (2+x%) 14~/2 V43X X

3 (2+x2) 4(*;%)" E111pt1cF{2Ar‘cTan[ﬁ], 2]

4+/2 V4 +3x%+x4

Result (type 4, 329 leaves):
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] 31447 21 x2
4 |- — 2 x(53+19x2)+19\/7(3]1+\/7) 1+47 -2
73J'l+\/7 —3]'1+\ﬁ
3147 +21i x2 2 i 3i-+/7
1+V7 +2i EllipticE[i ArcSinh| |- = x|, = \/—]—
3i+/7 “3i+7 3i++/7

“3i+7 3i4++/7

2 3i-+/7 i
EllipticF[i ArcSinh[ |- = x|, = \ﬁ] / 112 |-— 2 a3 ¥t
—3]'1+\/7 3]'1+\ﬁ —3]'1+\ﬁ

Problem 376: Result unnecessarily involves imaginary or complex numbers.

3 20X 31447 +2ix?
\/7(4911+19ﬁ)\/ 1+97 -24 J 1+V7 +2i

J ! dx
(4 +3x%+ X4>3/2

Optimal (type 4, 181 leaves, 4 steps):

3 (2+x?) [#252C EllipticE[2ArcTan| 2], 1]
x (1+3x2) 3xV/4+3x2+ x4 (24x2) Va8
- + - +
28 V4 +3x%+x4 28<2+X2) 14/2 V4+3x2+ x4
443 x2+x* . . 1
(2+x2) ﬁ ElllptlcF[ZAr‘cTan[%], 5]
4\5\/4+3X2+X4
Result (type 4, 328 leaves):
i -3i+4/7 -21x2
4 —;x(1+3x2)—3\/?(311+\/7) LeV7 S2ix
—3]'1+\/7 —3:|'L+\/7
31 7 +21ix? 2 i 3i-+/7
L7 c2ix EllipticE[jArcSinh[ - = X/, = \/—]+
3]'1+\ﬁ 73]'1+\ﬁ 3]'1+\/7

\/7(_71+3\/7)\/_31+\/7_21X2 \/3j+\/7+211x2

*3]'L+\ﬁ 3]'1+\ﬁ

2] 3i-+7 i
EllipticF[i ArcSinh[ |- = x|, = \/_] / 112 |-— 2 Jai3xext
-3i++7 3i++7 -3i++/7
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Problem 377: Result unnecessarily involves imaginary or complex numbers.

J ! dx
<7+5X2) <4+3X2+X4)3/2

Optimal (type 4, 284 leaves, 8 steps):

2 |32 x
X(13+4X2> XV4+3x2+x? 25 5 35
- + +— [ — Ar'cTan[— -
308 /413 x2 + x4 77 (2+x2) 176 \ 77 Vai3x2 158

V2 (245) % EllipticE[ZAr‘cTan[%], i}

77 V4 +3x2%+ x4

(2+x2) [42C EllipticF[2ArcTan| -], 1]

(2+X2)2

122 V4 +3x2+x4

425 (2+x?) % EllipticPi{—zé, ZAPcTan[%], i}

36962 V4 +3x%+x4

Result (type 4, 483 leaves):
1

616 |- —+— Ja+3x2ix*
731'1+\/7

i ' -3 7 —21ix?
2% [-— > x-g |- — 1 x3-2ﬁ(3i+ﬁ) i+V7 -2ix
“3i++7 “3i+7 “3i++7
3 i 7 +21ix? 21 3i-+/7
LeV7 c2ix EllipticE[i ArcSinh[ |- = x|, = \/7]+
3]'1+\ﬁ 73]'1+\ﬁ 3]'1+\/7
~33 7 —21ix2 3 i 7 +21ix2
\E(71+2\/7) ]l+\/— 1X ]l+\/—+ 1 X
—3i++7 3i+7
21 3i-+7 -3 21 x2
EllipticF i ArcSinh| |- : x|, = \/_] -25i+/2 i+V7 -2
“3i++7 3i+7 “3i++7

21 ] 31‘1-\/7]
ey g, 2V
31 +/7 3i4+/7

X . 2
3147 +2ix Ellipticpi[i (3“1\/7), i Arcsinh[ |-

3]'1+\ﬁ 14

| 111
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Problem 378: Result unnecessarily involves imaginary or complex numbers.

1
J(7+5X2)2 (4+3X2+X4>3/2

dx

Optimal (type 4, 312leaves, 15 steps):
X (24 +37 x?) 199x V4 +3x2+x*  625x/4+3x2+x4
N

13552«#%)(2”4_ 27104 (2 + x?) ' 27104 (7 +5x?)

2 |2 x
575 | > ArcTan[—-"—] 199 (2+x?) 423#)’; ELlipticE[2ArcTan[ ], 2]

443 x2+x*4 (
+

108416 135522 V4 +3x2+ X

272 (2+%) ﬁ ELlipticF [2ArcTan[ -], 1]

2314 +3x%+x4

9775 (2+x?) | #2X2C EllipticPi[- -2, 2ArcTan[ 2], %]
(2+x2)? 280 V2 8
22767362 V4 +3x2+ X

Result (type 4, 311 leaves):
1

758912 <7+ 5x2) Va4 +3x2+x4

21 x? 2ix2
28x(2836+2633x2+995x4)+jm/6+2jlﬁ(7+5x2) 1.2y, A
“31++7 3i+7

1393 (3- i V/7 | ELLipticE[i ArcSinh| 2y, M} N
*3I'l+\/7 3]'L+\ﬁ
7 (101+199 i v/7 | El1lipticF[i ArcSinh[ |- 2 X])3i_\/7}_
-3i+7 3i++/7
1150EllipticPi[i(3+i\/7),iApcsinh[ 214 X}Bi—ﬁ]
1 -31i+7 3i+7

Problem 379: Result unnecessarily involves imaginary or complex numbers.

1
J7+5x23 44+ 3x24+x4)32
( )7 )

dx

Optimal (type 4, 340 leaves, 22 steps):
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x (548 + 139 x?) 18159 x V4 +3x2+x*  625xV4+3x2+x*  51875xV4+3x2+x

+ + -

596288 /4 + 3 X2 + X4 33392128 (2 +x?) 54208 (7 +5x2)> 33392128 (7 +5x?)

11
529425 ArcTan| L“’ 18159 (2 +x2) | #2X2C E1lipticE[2ArcTan| 2], 1]

4+3 XZ+X4 ( > \/_ 8

N
133568512 16696064 /2 /4 +3x7+x*
843 (2 +x2) 43374t EllipticF[2ArcTan|[ *-], %]
(2+x2 ) 2o 8
379456 /2 V4 +3x2+ x4
3000075 (2 +x?) a:3xtod ElllptlcPl[ , 2ArcTan| -], %]
(2+X2) V2 8

934979584+/2 /4 13x%+x*
Result (type 4, 320leaves):

1
934979584 (7 + 5x2)2\/4+3x2+x4

21 x2 2 1 x2
3i6+2iV7 (7+5x)? N I B e G
“3i+7 3i4+/7

28 x (4496 212 + 5811451 x> + 2838330 x* + 453975 x5) +

2 3i-/7
42371 (3- i /7 | EllipticE[i Arcsinh[ |- L x], VT
-31+7 3i+47

7i (23 633 i + 6053 ﬁ) EllipticF[i ArcSinh] 33 ﬂﬁ] .
3]1+\/7

352950 E1lipticPi| > (3 v i ﬁ) , i ArcSinh | 33 ﬁ}

H 3]1+\/7

Problem 380: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

<d+ex2)3
J—dlx
Va+bx?+cxt

Optimal (type 4, 467 leaves, 5steps):
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ez(15cd—4be)xx/a+bx2+cx4 e3x3va+bx2+cx?
+ +
15 ¢? 5c¢c

e (45c2d2+8b2e2—3ce(10bd+3ae)) xva+bx?+cx?
1552 (Va /e x|

a+bx?+cx?

(V?+\/?X2)2

Z—ﬁ]] /[15c”/4xla+bx2+cx4

al/*e (45c*d*+8b*e*-3ce (10bd+3ae)) (\E+\Ex2)

cl/4
+

EllipticE[2ArcTan|

1
al/4 ]’ Z

e (15c2d*-15acde?+4abe?)

+e(45c2d2+8b2e2—3ce(10bd+3ae))J

al/4
Va
b 2 4
(N[E— N \/ETVXZ) a+bX*+CX -
(\/?+\EX2)
1/4 1 b
EllipticF[2ArcTan[— =], = |2- ————|] /[30c11/4 [2:bx2+cxt
a 4 Va Ve

Result (type 4, 1825leaves):

e? (—15cd+4be) X e3x3
- +

15 c? 5c¢

Ja+rbx?+cox* +

1 2 ¢ x2 2 ¢ x2
451’1c(—b+x/b2—4ac)d2e 1- 1-
15 ¢? -b-+V/b2-4ac -b+Vb2-4ac

c ] —b—\/b2—4ac}
x|, -
-b-+/b%*-4ac -b++vb%-4ac

c —b—\/m] /

EllipticE[i ArcSinh[+/2 |-

)

X
-b-+vb%-4ac -b+vb2-4ac

c
22 |- Ja+rbx?+rex? | -
-b-+vb2-4ac

151 b (—b+«/b2—4ac

EllipticF[iArcSinh[V2 |-

de? |1 2 cx? 1 2 c x?

-b-+/b2-4ac -b++/b2-4ac
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c -b-+vb?-4ac
EllipticE[i ArcSinh[v/2 x], ] -
-b-+vb2-4ac -b+Vb%2-4ac

- )

-b-/b%2-4
EllipticF[j Ar‘cSinh[\/? ¢ X ac ] /
-b-+/b?-4ac -b++/b2-4ac

c
V2 Jarbx?+reox* | -

-b-+/b%?-4ac

2cx? 2 cx?
91‘1a(7b+xlb274ac e [1- 1-
-b-+/b?-4ac -b+/b%*-4ac
c -b-+vb?-4ac
EllipticE[iArcSinh[V2 |- ] -

XJ
-b-+b%2-4ac -b+vb2-4ac

2

- X
-b-+vb%-4ac -b++vb2-4ac

C
22 - Ja+bxZ+rcext |+

b= 2 _
EllipticF [i ArcSinh[+/2 < = m] /

-b-+b2-4ac
2 ¢ x2 2 ¢ x2
Ziﬁbz[—b+ b>-4ac|e [1- 1-
-b-+vb2-4ac -b+vVb2-4ac
c -b-+/b2-4ac
EllipticE[j Ar‘cSinh[\E - x] R } -
-b-+/b%?-4ac -b++vb2-4ac
c -b-+b?-4ac
EllipticF[j Ar‘cSinh[\/? - x}, ] /
-b-+vb%-4ac -b+vb%-4ac

C
c |- Ja+rbx?iex? | -

-b-+vb2-4ac
53 2 ¢ x? 2 ¢ x?
151 c°d 1- 1-
-b-+b2-4ac -b++/b2-4ac
C -b-+b?-4ac
EllipticF[jAPcSinh[\E - X\, ] /
-b-+/b?-4ac -b++/b2-4ac

c
V2 o - Ja+bx?+coxt |+

-b-+b%-4ac
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_ ) 2 cx? 2 ¢ x?
15i1acde 1- 1-
-b-+/b%-4ac -b++/b2-4ac
C —b—\/b274ac] /
X’
-b-+/b?2-4ac -b++/b?-4ac

EllipticF[jArcSinh[ﬁ\/

Vvb2-4ac

{\/7\/ ¢ Ja+bx?+cx?
_b-

2 2 2 2
2i+/2 abe® [1- °X 1- €X
-b-+/b?-4ac -b++/b%2-4ac
c —b—\/b2—4ac] /
— X,
-b-+/b?2-4ac -b++/b%-4ac

EllipticF[i ArcSinh [ﬁJ

C
- Ja+rbx?+ex?
“b-

Vvb2-4ac

Problem 381: Result unnecessarily involves imaginary or complex numbers.

<d+ex2)2
J—dlx
Vva+bx?+cx?
Optimal (type 4, 356 leaves, 4 steps):
e2xa+bx2+cx* 2e(3cd-be)xVa+bx?+cx
3c 3 ¢c3/2 (\/?Jr\/?xz)

a+bx?+cxt

2a1/4e(3cd—be) (\/?+\/?X2) m

1/4X 1 b
EllipticE[ZAr‘cTan[ ], - 2]] /[3c7/4ﬂ/a+bx2+cx4 +
al/4 4 /*a /7C
Ve (3cd?-ae? a+bx?+cx*
at’*|2e(3cd-be) + ( ) (\/a +1/c xz) AR TR ;
Va (\/a +1/c xz)
1/4X 1 b
EllipticF[ZAr‘cTan[ y — 2—]] /[5c7/4ﬂ/a+bx2+cx4
al/4 4 /_a /_C

Result (type 4, 488 leaves):
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C
2¢c | ——mMm——— e2x<a+bx2+cx4) -
2 c [3+bx2 +cx? b+vVb2-4ac
b++/b%-4ac
b

i (—b+x/b2—4ac e

b+vb2-4ac -vb2-4ac

b+vbZ-4ac
]
Y +
+vVb2-4ac b-+vb?-4ac

e2+ce(3bd—3x/b2—4ac d+ae

(-3cd+b )\/ +3b2-4ac +2cx? \/2b—2\/b2—4ac +4cx?
-3cd+be

EllipticE[i ArcSinh| \/_\/

i(—3c2d2+b[ +/b?>-4ac

b+vbZ-4ac +2cx?
b+vb2-4ac

\/2b—2\/b2—4ac +4cx?

2 _
ElliptiCF[lef‘CSinh{\/Z c ]) b+vVbs-4ac ]
-Vb?-4ac

X
b++Vb%2-4ac b-+vb%?-4ac
Problem 382: Result unnecessarily involves imaginary or complex numbers.

d+ex?
J R ax
Va+bx?+cx*
Optimal (type 4, 283 leaves, 3 steps):
exva+bx?+cxt

Ve (Va e )

b 2 4 1/4 1 b
a1/4e(\/?+\/?xz) _arbxirext EllipticE[zAr‘cTan[c X], — 12~ ]] /
Ve o /e ) s et a e
d b 2 4
(c3/4x/a+bx2+cx4 + a”“[ﬁ re (\/?Jr\/?XZ) L*cxz
Va (Vo Ve <]
1/4X 1 b
EllipticF |2 ArcTan| ], = 2—7]] /[2 3 Jaibx®scxt
al/4 4 \/?\/?

Result (type 4, 302 leaves):
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~ |b+vb%2-4ac +2cx? 1 2 c x?
i g
b+vb2-4ac b-+vb2-4ac

C b+vb2-4ac

[—b+xlb2—4ac ) eEllipticE[jAr‘cSinh[\/? _ x], +—} +
b+Vb%2-4ac b-+Vb2-4ac

(—2cd+ [b—x/b2—4ac

C b b2-4ac
E1lipticF[i ArcSinh[+/2 x|, +\/7] /
b+vVb2-4ac b-vVb2-4ac

e

C
2vV2 ¢ | ————— Ja+bx?+cx?
b++vb?>-4ac

Problem 383: Result unnecessarily involves imaginary or complex numbers.

j 1 dx
(d+ex?) Va+bx?+cx?t

Optimal (type 4, 401 leaves, 3 steps):

[cq2_ cae? x
\/?Ar‘cTan{ cd-bdesae ]
Ad e 1/ a+bx%+cx?
N
2+d Vcd? -bde+ae?

2 4 1/4
ct/4 (\/?+\/?x2) _arbxirext Ellip‘cicF{ZAr‘cTan[c x], : Z—L ] /
Vo e )’ e a " m e
(Zal/4 (\/?d—\/?e) Ja+bx?+icoxt | -
2 2 4 Ve d-+a el?
a4 [\/?d+e (\/?+\/?Xz) _arbxrext EllipticPi[— ( ) B
v VoV )’ +Va Ve e
1/4
2Ar‘cTan[c X], 1 ZL]] /[4c1/4d(cdz—ae2>x/a+bx2+cx4
al/4 4 \/?\/?

Result (type 4, 214 leaves):
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| b+yb%2-4ac +2cx? 1 2 c x?
-1 +
b+vbZ-4ac b-+vb2-4ac

(b+\/b2—4ac ) e

2cd

EllipticPi|

b++b%2-4
, JiAr‘cSinh[\/? ¢ x], i ac } /
b+vb2-4ac b-+vb2-4ac

Vvb2-4ac

C
V2 | ———— dJasbx?icxt
b+

Problem 384: Result unnecessarily involves imaginary or complex numbers.

1
J dx
(d+ex2)2\/a+bx2+cx4

Optimal (type 4, 718 leaves, 6 steps):
Ve exvVa+rbxZicxt e?xVa+bx?+cx?

- + +

2d (cd?-bde+ae?) (\E+\/?x2) 2d (cd*>-bde+ae?) (d+ex?)

Ve (3cd?-e (2bd-ae)) ArcTan Jedbderae® x
| ( ) [ﬁﬁm]
N

4.d3/2 (cdz—bde+ae2)3/2

2 4 1/4
al/4ct4e (\/?+\/?x2) _avbxirex? EllipticE[ZAr‘cTan[c X}, 1 Z—LJ} /
Vo e )’ e a0 ya e
(Zd(cdz—bde+ae2)«/a+bx2+cx4 +
2 4 1/4
ct/4 (\/?+\/?x2) _asbxirext Ellip‘cicF{ZAr‘cTan[c X], : Z—L]] /
Va v )’ e a7 ya e

(Zal“‘d (\/c_d—\/?e) Ja+rbx?+cox?

(\/?d+\/?e) (3cd*-e(2bd-ae)) (\/?+\/?x2) _asbxtiext

e
EllipticPi[- [fea-Vae) 2ArcTan[ %, 2 2bj}/
4+a Jc de ? alia 17 g NS

(Sal“‘cl/“d2 (\/?d—\/?e) (cdz—bde+ae2) Ja+bx?+cx?

Result (type 4, 1069 leaves):
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1

8 | ———d (cd3+de (—bd+ae)) (d+ex2) Va+bx?+cxt
b+v/b%-4ac

c
4 —dezx(a+bx2+cx4)+
b++vb%2-4ac
b+Vb2-4ac +2cx? 2 cx?
Ji\/?(b—x/bz—4ac de * * 1+ —m
b+vb2-4ac b-+vb2-4ac

c x] b+\/b2—4ac]
b+vb2-4ac b-+vb2-4ac

(d+ex?) |EllipticE[i ArcSinh V2

+

c b+\/b2—4ac]
X,
b+vb?-4ac b-+vb%*-4ac

EllipticF[i ArcSinh[V/2

b b2-4 2 2 2 2
yiyzeq |LrVPRACezeR L 2ed
b+vVb2-4ac b-Vb*-4ac
b+vb2-4
EllipticF[jAr‘cSinh[\/? < X\, +—ac]_
b+vb2-4ac b-+vb?-4ac
b+vb2-4a 2 2 2 2
612 cd? ’ € recx 1, X (d+ex?)
b+vVb2-4ac b-+Vb%*-4ac
b+vb2-4ac|e C b+vb2-4ac
EllipticPi[( ) , i Arcsinh[+/2 x|, — ] +
2cd b+vVb2-4ac b-vb2-4ac
b+vbZ-4ac +2cx? 2 ¢ x2
4i+/2 bde ’ reex 1+ X (d+ex2)
b+vb2-4ac b-+vb2-4ac
b+Vb2-4ac|e C b+vbZ-4ac
EllipticPi[( ) , i ArcSinh|[v/2 x|, : ] -
2cd b+vb2-4ac b-+vb?-4ac
b+Vb2-4 2 2 2 2
2i+/2 ae? i ac recx 1+—CX (d+ex2>
b+vb2-4ac b-+vb2-4ac
b+vb2-4ac|e C b+vb?-4ac
Ellipticpi[( ) , i Arcsinh[/2 x|, — ]

2cd b+vb2-4ac b-+vb%-4ac
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Problem 385: Result unnecessarily involves imaginary or complex numbers.
<d+ex2)3
J— dx
Vva+bx?-cx*

Optimal (type 4, 553 leaves, 6 steps):
e? (15cd+4be) xvVa+bx*-cx* e3x3/a+bx?-cx?

15 c? 5c¢

(b—x/b2+4ac) b++/b>+4ac e (45c*d*+8b’e’+3ce (10bd+3ae))

1 2 ¢ x? ) 2 ¢ x?
b-+vb2+4dac b+vb2+4dac
2 Ve x b+vb2+4dac
EllipticE[ArcSin| V2 Ve B : . ] /(30\/75/2 Ja+rbx?-cx*
\Vb+Vb2+4dac b-Vb*+4ac

2c (15c?d*+15acde?+4abel
[b—wb2+4ac) b++/b2+4ac [ ( >+
b-+b?2+4ac

e(45c2d2+8b2e2+3ce(10bd+3ae)>

) 2 ¢ x2 ) 2 ¢ x2
b-+vb?+4ac b+vb2+4dac

V2 Ve x b+vb2+4dac
EllipticF [ArcSin| B : : ] /(30\/2 c’?2+Ja+bx*-cx*
\b+vVb2+dac b-+b*+4ac

Result (type 4, 596 leaves):
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1
60c3 |-——— Ja+bx?Z-cx*
b++/ b%+4ac

C

~4c |[-—————— e*x (a+bx*-cx*) (4be+3c (5d+ex?)) -

b+vVb%2+dac

b+vb2+dac -2cx?
jﬁ(fb+«/b2+4ac e (45c?d?’+8b%e?+3ce (10bd+3ae)) - :
b+vb2+4ac
-b+vb2+d4ac +2cx? c b+vb2+4dac
: : : EllipticE[i ArcSinh[+/2 |- x|, — ’ |+
-b++/b%2+4dac b++vb2+4ac b-+b%2+4ac

+

iv2 (—30c3d3+8b2 [—b+x/b2+4ac ) e3+15c%de
ce? (—30b2d+30bx/b2+4ac d-17abe+9a+/b%+4ac e)

-3bd+3+/b*>+4ac d-2ae

b+vb2+d4ac -2cx?

b++vb2+4dac
-b+vVb%2+d4ac +2cx? c b+vVb%+4ac
M T2 EllipticF[iArcSinh[v2 |- x|, ]
_b+vVb2+4ac b+vVb2+dac b-+vb2+4ac

Problem 386: Result unnecessarily involves imaginary or complex numbers.

<d+ex2)2
J—dlx
Vva+bx?-cx?

Optimal (type 4, 454 leaves, 5steps):
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e2xva+bx2-cx*

3cC

2cx? 2cx?
(b—x/b2+4acJ b+-/b?+dac e(3cdrbe) [1- - 1- -
b-+vb%+4ac b++Vb%+4ac

+

2 Ve x b+vVb2+4ac
EllipticE[ArcSin| V2 Ve ] ’ ’ ] /(3\/7c5/2x/a+bx27cx4
\Vb+vb2+dac b-vb?+4ac

b++/b?+4ac (3c2d2+b(b—x/b2+4ac 3bd-3+/b*’+4ac d+ae

e?ice

2 c x? 2 c x?
1- 1-
-+b%2+4ac b++vVb2+4ac

2 Vc b+vb2+4ac
EllipticF [ArcSin| V2 e x B : - ] /(3\/7c5/2w/a+bx2—cx4
+vVb2+4dac b-+b?*+4ac

Result (type 4, 503 leaves):

2¢ |- — e’x (-a-bx*+cx?t) -

2
2 |- c [a+bx2-cx? b++vVb*+4ac
b++/b%+4ac

+vVb2+dac -2cx? -b+vVb2+d4ac +2cx?

i\/?(—b+x/b2+4ac e(3cd+be)
+vVb%?+4ac -b++/b%2+4ac
+vVbZ+dac

}+J'L\/?

E1lipticE[i ArcSinh[+/2 x|,
Vb2+dac b-+b%?+4ac

| 123

]

b+vb2+dac -2cx?
(—3c2d2+b( ++/b>+4ac |e*-ce|3bd-3+/b%+4ac d+ae) : :
b+Vb2+4dac
Vb%2+4ac +2cx? c b+Vb2+4ac
- o EllipticF[i ArcSinh[/2 |- x|,
-b+vbZ+4dac b+vb2+4dac b-+vb2+4dac

Problem 387: Result unnecessarily involves imaginary or complex numbers.

d+ex?
J R ax
va+bx?-cx?
Optimal (type 4, 385 leaves, 4 steps):
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b-+Vb%2+4ac Vb2+4dac

2cx? 2cx?
- (bfx/b2+4ac] b++/b?>+4dac e\/l \/1
b+

+

2 ¢ b++Vb%2+dac
EllipticE [ArcSin| V2 e x B : - ] /[2x/7c3/2x/a+bx2—cx4
\b+vVb%2+4dac b-+/b?+4ac

b++/b?>+4ac (2cd+ [b—x/b2+4ac

e

) 2cx? ) 2cx?
b-+vb2+4ac b+vb2+4dac

2 ¢ b++Vb%2+dac
EllipticF [ArcSin| V2 e x B : - ] /(2\/?C3/2w/a+bX2—CX4
\b+vVb%2+4dac b-+b?+4ac

Result (type 4, 293 leaves):

. 2cx? 2cx?
- 1 1+ 1-—
-b++vb2+4ac b+vb*+4ac

b++vb2+4
[—b+x/b2+4ac ) eEllipticE[jAr‘cSinh[\/? - ¢ x], * reac ] +
b+vb2+4dac b-+vb2+4ac

(2cd+(b—ﬂb2+4ac

x|,

e) EllipticF[i ArcSinh[V2 |- ———
b+vVb2+4ac

b+\/b2+4ac} /
b-+b%?+4ac

C
2vV2 ¢ [-—————— Ja+bx®-cx*
b +

Vb2+dac

Problem 388: Result unnecessarily involves imaginary or complex numbers.

J ! dx
(d+ex2) Vva+rbx?-cx*

Optimal (type 4, 197 leaves, 2 steps):

/h2
" 2 cx2 2 ¢ x2 o (b+ b+4ac)e
b++b°+4ac 1- 1-— E111pt1cP1[— )
b+

b-vVb2r4ac Vbirdac 2cd

V2 A/ b++vb?2+4
ArcSin| € x ] : : ac} /(\/2 Ve dya+bx?-cx?
b+vb2+dac b-+b?+4ac

Result (type 4, 205leaves):
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, 2 ¢ x? 2 ¢ x? .
SIENEE 1- —————— EllipticPi|
-b++vb%+4ac b++vVb2+4dac

b+vb2+dac|e b b2+ 43
N ) ,ianesinn[V2 |-, O reac )
2cd b+Vb2+4dac -b++vb2+dac

2 —;dxlawxz—cx4
b+

Vvb2+4dac

Problem 389: Result unnecessarily involves imaginary or complex numbers.

J ! dx
(d+ex2)2 a+bx?-cx?

Optimal (type 4, 718 leaves, 8 steps):
e?xVa+bx?-cx*

- +

2d (cd2+bde—ae2) (d+ex2)

2cx? 2cx?
{bx/b2+4ac)Jb+xlb2+4ac e\/l \/1
b +

b-+b?+4ac

V2 e x ] b+\/m]/
(4\5\Ed(cd2+e(bd—ae)>m -

EllipticE [Ar‘cSin [

2cx?
b++/b?>+4ac (2cd+(b7«/b2+4ac e 1-—
v b b idac
2 ¢ x2 2 Ve x b+vb2+4dac
1- ————— EllipticF|ArcSin| V2 e ls . : ] /
b+vb2+4dac lb+/b2rdac b-+vb2+4ac

+

(4\5\Ed (cd®>+e (bd-ae)) \/m

2 2 2 2
b++/b?>+4ac (3cd2+e(2bdfae>) 17# 17#
b-+/b?+4ac b+vVb2+4ac

S (b+\/b2+4ac)e ) V2 e x b+Vb2+dac
EllipticPi|- , ArcSin| ] /
2cd
¢ brvVbliaac P-Vbirdac

(Z\E\Edz (cd2+e(bd—ae)) a+bx?-cx*
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Result (type 4, 1341 leaves):
e?xVa+bx?-cx* 1

N
2d (cd?+bde-ae?) (d+ex?) 2cd’+2bde-ae?-2cdex’-ce?x*

C
(d+ex2>x/a+bx2—cx4 - -
2(cd2+bde—ae2) va+bx?-cx?
cex? 3cd?+2bde-ae?

+

2d (cd2+bde—ae2) va+bx?2-cx* 2d <cd2+bde—ae2) (d+ex2> Va+bx?-cx*

2cx? 2cx?
Ji(—b+w/b2+4ac e 1+ 1-—
-b+Vb?+4dac b+vVb2+4dac
c b+vb2+4dac

EllipticE[j Ar'cSinh[\/? - x} y = ] -
b+vVb%2+dac -b++vVb?+4dac

)

- X
b+Vb2+4dac -b+Vb?+4dac

c 2cx?
2V2 e Ja+bx*-cx* |+ |icd 1+

EllipticF[i ArcSinh[v2 |-

c b+vb2+4dac ] /

b+vbZ+4dac -b+vb2+4dac
2 cx? c
1-— EllipticF[JiAr‘cSinh[\/T ——_— x],
b+vb2+4dac b+vb2+4dac
b+vb2+4dac C
2" hl ]/\/? e +Ja+bx?-cx* | -
-b+vVb2+4dac b+vb2+4dac
2 cx2 2 ¢ x2 (b+\/b2+4ac)e
3icd |1+ 1- EllipticPi|- B
-b++vVb?+4dac b+Vb%?+4ac 2cd
c b+vb*+4ac
JiAr'cSinh[\/? —— x|, - * ’ ]/
b+vb2+4dac -b+vb2+4ac

C [
V 2 - a+bx2—cx4 -

b++vb2+4dac

2cx? 2cx?
ivV2 be [1+ 1- ——————— EllipticPi]

-b++/b%2+4ac b+vb%2+4dac
(b+\/b2+4ac)e c b+m] /

- , i ArcSinh [\/7 - -

x|,
2cd b++Vb%2+4dac -b++vb%+4ac
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L Ja+rbx?-cx*
b +

. 2cx? 2cx?
+|1ae 1+ 1-—
-b+vb2+4dac b+vb2+4dac

VvbZ+dac
(b+\/b2+4ac)e c
EllipticPi[- , i ArcSinh[v/2 |- ————— x],
2cd b+vb?+4dac

b+vb2+4dac C
LA g S ayfaibxcox
-b+Vb?+4dac b+Vb2+4dac

Problem 390: Result unnecessarily involves imaginary or complex numbers.

d+ex?
J dx
V-a+bx?+cx?*
Optimal (type 4, 479 leaves, 5 steps):
(b—\/b2+4ac ) ex 1+L]

b-+/b%+4ac
2cvV-a+bx?+cx?
2 ¢ x2 2 Ve x
{b—«/b2+4ac)1/b+w/b2+4ac e 1+—J EllipticE [ArcTan| Va2 e B
b-+b?+dac bvVblidac
14 2cx?
2vVb2+4ac N
—;] / 242 32 | 2P ibxeex® |+
b-+vb2+dac 14 —28X
b++/b%+4ac

2 2 2
b++b>+4ac d [1+ CX] EllipticF [ArcTan| V2 Ve x |
b-+b2+4ac

b++b%+4ac
14 2cx?
2+/b%+4ac /6%
oLy rfac / V2 | e o e X
b-+vVb%2+4ac 1+L
b++/b%+4 ac

Result (type 4, 304 leaves):
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 |b+vb%2+dac +2cx? 1 2 c x?
i g
b+vb2+4ac b-+vb%+4ac

c b+vb2+4dac

[7b+xlb2+4ac ) eEllipticE[jAr‘cSinh[\/? _ x], ;} +
b+Vb2+4ac b-+Vb2+4ac

(—2cd+ [b—x/b2+4ac

C b b2+4ac
E1lipticF[i ArcSinh[+/2 x|, — \/+7] /
b+vVb2+dac b-vVb2+4ac

e

C
2vV2 ¢ | —————— J-a+bx2+cx*
b++vb%2+4ac

Problem 391: Result unnecessarily involves imaginary or complex numbers.

j 1 dx
(d+ex?) V-a+bx?+cx?

Optimal (type 4, 204 leaves, 2 steps):

22 2 ¢ x2 (b—\/b2+4ac)e
~b+~/bi+dac 1+ 1+ ————— EllipticPi] s
b+

b-vVb2+4dac Vb?+4dac 2cd

Ar‘cSin[ V2 Ve x ], b-Vb*+4ac ]]/[\/?\/?dxla+bx2+cx4
J-bivbridac brVbirdac

Result (type 4, 216 leaves):

| b+vb2+dac +2cx? 1 2 ¢ x?
-1 |1 +
b++b%>+4ac b-+vVb%2+dac

b+ Vb7 aac e

2cd

EllipticPi|

c b+Vb?+4ac
B JiAr‘cSinh[\/? x|, : ’ ] /
b+vb2+4dac b-+vb2+4dac

C
V2 | g/ aibxecx
b+vVb2+4ac

Problem 392: Result unnecessarily involves imaginary or complex numbers.

d+ex?
J dx
V-a+bx?-cx*
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Optimal (type 4, 293 leaves, 3 steps):
exvV-a+bx?-cx?
Ve (ﬁ +Vc x2)

- b 2 4 1/4 1 b
a4 o (\/?+V?x2) waz EllipticE[zArcTan[c 14X], — |2+ ]] /
Ve <) e T e e
d _b 2 4
(c3/4x/—a+bx2—cx4 + a”“[\/? re (\E+\Ex2> L*cxz
Va (\/?Jr\/?xz)
s Y x 1 b 3/4 2 4
EllipticF[2ArcTan| , =2+ ] /[Zc A -a+bx?-cx
al/4 4 \/?\/?

Result (type 4, 295 leaves):

, 2 ¢ x? 2 ¢ x?
i 1+ 1-—
-b+vVb2-4ac b+vb2-4ac

+

b++b%-4
[—b+«/b274ac ) e EllipticE[i ArcSinh[v2 |- < x|, — 2°
b+vb2-4ac b-+vVb2-4ac

(2cd+(b—x/b2—4ac

/

C
e) EllipticF[i ArcSinh [\/7 - x|,
b+vb2-4ac

b-+Vb?-4ac

b+vVb2-4ac }
Vb2-4ac

C
Z\Ec\/ A -—a+bx?-cx?
b+

Problem 393: Result unnecessarily involves imaginary or complex numbers.

j 1 dx
(d+ex?) V-a+bx2-cx*

Optimal (type 4, 412 leaves, 3 steps):
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o dr R
\/?Ar‘cTan{ cd-e (bd+ae) x

d e A/ -arbx?-cx* }
.
2\/?\/—cd2—e (bd+ae)

2 4 1/4
cl/4 (\/;Jr\/?xz) _a-bxirext EllipticF[2ArcTan| X], 1 2+L]] /
Va e )’ e a7 e
(Zal/4 (\/?d—\/?e) J-—a+bx?-cx* |-
2 b2 4 Ve d-+a e’
a3/ [\/?d re (\/?+V?x2) _a-bxirext EllipticPi[— ( ) B
= VoV )’ 4 e Ve e
1/4
2 ArcTan| X s 1 2+b]] /[4c1/4d(cdzfaez)\/—aerxz—cx“
a1/4 4 \E\E

Result (type 4, 207 leaves):

, 2 ¢ x? 2 ¢ x? .
-1 |1+ 1- —————— EllipticPi|
-b+vb2-4ac b+vVb2-4ac

b++vVb2-4ac|e b+Vb2_4
_( ) ,jAr‘cSinh[\/? —;X‘,— ! ac } /
2cd b+vVb2-4ac “b++vb*-4ac

C
V2 |[-————————— d+/-a+bx?-cx*
b+

Problem 394: Result unnecessarily involves imaginary or complex numbers.

(d+ex2)3
J—dlx
V2+3x2+x4

Optimal (type 4, 229 leaves, 5 steps):

3e (5d2-10de+6¢e?) x (2 +x? 1 1
( ) ( )+—<5d—4e)e2xw2+3x2+x4+—e3x3x/2+3x2+x47
52+ 3x2 + x4 5 >

1

5v2+3x%+x*

(5d3—10dez+8e3) <1+x2) [% EllipticF[Ar‘cTan[X], i]
52 V2+3x2+x%

2

2+ L. 1
EllipticE[ArcTan[x], —| +

32 e (5d2-10de+6e?) (1+x?) -
1+x 2
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Result (type 4, 154 leaves):
1

542+3x2+x4
3ie (5d*-10de+6e’) \/1+x* /24X EllipticE[iAr‘cSinh[\/X_], 2] -
2

Si (d®-3d?e+dade?-2e%) \/1+x2 \[2+x? EllipticF[iArcSinh|[——], 2]
V2

ezx(2+3x2+x4) (5d+e (—4+X2)> -

Problem 395: Result unnecessarily involves imaginary or complex numbers.

(d+ex2>2
J—dlx
V2+3x2+xt

Optimal (type 4, 168 leaves, 4 steps):

2 (d—e) ex (2+X2> +1e2Xm7

V2+3x2+x4 3
2+/2 (d-e) e (1+x?) l% EllipticE [ArcTan[x], %}

V24332 xt
(3d?-2e?) (1+x?) gEllipticF[Ar‘cTan[x], 7]
372 V235Xt
Result (type 4, 127 leaves):
. —Er (2+3x?+x%) -61 (d-e) emmEllipticE[jArcSinh[L], 2] -
3vV2+3x v x* V2

i(3d2-6de+4e?)\[1+x% [2+x? EllipticF[jAr‘cSinh[\/:], 2]
2

Problem 396: Result unnecessarily involves imaginary or complex numbers.
d+ex?
J— dx
V2+3x%+x*
Optimal (type 4, 122leaves, 3 steps):
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2% E174ipt N
ex (2+x2) V2 e (1+x2) \/EElllptlcE[Ar‘cTan[x], 2]

V2+3x2 e xt V2+3x2 e xt
d(1+x?) \/gEllipticF[Ar‘cTan[x}, 7]
V2 V2432 x*
Result (type 4, 73 leaves):
1
if1ex2 202 (e E1lipticE[i Ar‘cSinh[\/i], 2] + (d-e) EllipticF[s Ar‘cSinh[\Xﬁ], 2]
2 2

Problem 397: Result unnecessarily involves imaginary or complex numbers.

J ! dx
(d+ex2) V2+3x2+x4

Optimal (type 4, 124 leaves, 4 steps):

(1+x2) /% EllipticF[ArcTan[x], i] e (1+x?) l% EllipticPi[1 - 3, ArcTan[x], ﬂ

\/T(d—e)\/2+3x2+x4 \/Td(d—e)\/2+3x2+x4

Result (type 4, 59 leaves):
iVi+x? +/2+x2 EllipticPi[2%, i ArcSinh|[ 2], 2]
d V2

dvV2+3x2+x*

Problem 398: Result unnecessarily involves imaginary or complex numbers.

J = dx
(d+ex2)2\/2+3x2+x4

Optimal (type 4, 316 leaves, 9steps):
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ex (2+x?)
- +
2d (d>-3de+2e?) V2432 +x*
%2 3 e (1+x?) /% EllipticE[ArcTan(x], %]

+

.
2d (d>-3de+2e?) (d+ex?) V2 d(d-2¢) (d-e) V2+3x24x®

(2d-e) (1+x) JEEllipticF[Ar‘cTan[x}, 7]

2d (d—e)Z\/ZJererx4

e (3d>-6de+2e?) (2+x?) EllipticPi[1- § ArcTan[x], %}

2+/2 d? (d—Ze) (d—e)2 20¢ L[5 3%2 4 X2

1+x2

Result (type 4, 175leaves):

1 ezx(2+3x2+x4)
N
2dvV2+3x2+ x4 (d273de+2e2) (d+ex2>
[Ji AJL1+x2 A2+ %3 (deEllipticE[i Ar‘cSinh[%], 2| +d (d-e) EllipticF[i Ar‘cSinh[%],
2 2

2] + (-3d*+6de-2¢?) EllipticPi[zd—e, jArcSinh[L], 2]

V2

|/ (8(s-2¢) (a-e)

Problem 400: Result more than twice size of optimal antiderivative.

J(c+ex2)3 (a+cx2+bx4)pd1x

Optimal (type 6, 498 leaves, 8 steps):
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ce? (21b—5e+12bp—2ep)x(a+cx2+bx4)1*p e3 x3 (a+cx2+bx4)1+p
+ +
b2 (5+4p) (7+4p) b (7+4p)
(c (ae® (5+2p) -3abe” (7+4p) +b>c? (35+48p+16p?))
2 b x? P 2 b x? P
X [1+ ] [1+ J (a+cx2+bx4)p
c-+/-4ab+c? c+V-4ab+c?
1 3 2 bx? 2 bx? 5
AppellFl|~, -p, -p, —, - ) - ] /(b (5+4p) (7+4p)) +
2 2 ¢+ dab+c? c+vV-4ab+c?

e(c?e* (15+16p+4p*) +3b>c? (35+48p+16p°) -3be (ae (5+4p) +c* (21+26p+8p?)))

2bx? P 2bx? P
x3 |1+ J {1+ ] (a+cx®+bx*)P
c-vV-4ab+c? c+V-4ab+c?
3 5 2bx? 2bx? 5
AppellFl[ =, -p, -p, =, - , - ] /(3b (5+4p) (7+4p))
2 2 ¢ +/-dab+c? c+vV-4ab+c?

Result (type 6, 1871 leaves):

-p

c-V-4ab+c? Plc+vV-dabrc?
3.41rc3 (C+\/74ab+c2 X o . T
2b 2b
c-V-dab+c2 +2bx2) P (ceV-dab+rc2 +2bx2) P 7)) o)
(—2a+(—c+m)x)
b b
1 3 2 b x? 2 b x?
(a+cx®+bx*) P AppellF1[ =, -p, -p, =, - s /
2 2 ci+v-4ab+c? -c+V-4ab+c?

- 1 3 2bx? 2bx?

(7C+m) —3aAppellF1[_; =P =Py 7 - > ]+

2 2 ¢

2 3 >
7C+WJ AppellF1[=, 1-p, -p, >,

2 2

2 b x? 2 b x? 2
i ) ]7(c+m)

c+V-4ab+c? -c+V-4ab+c?

2 b x? 2 b x? J]]
.

)
c+V-4ab+c® -c++V-4ab+c?

pxz(

3 5
AppellFl[i: -P, 1_p: e
2 2

- 1+p
c-vV-4ab+c? Plc-V-4ab+c? +2bx?
5.22Ppc? [c+«/74ab+c2 ex3 * + X2 i *
2b b
2
(—2a+(—c+xl—4ab+c2 x> (a+cx2+bx4)’1+p

3 5 2 b x? 2 b x?
AppellFl[;: -P, -P, ;J - b) } /

c+V-4ab+c® -c++V-4ab+c?
[(—c+xl—4ab+c2) [c+«/—4ab+c2 +2bx?
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3 5 2bx? 2bx?
—5aAppellF1[—, -P> =P, 7 - ’ ]+
2 2 c+-4ab+c2 -c++/-4ab+c?

p x*

5 7
_c+m) AppellFl[;, 1-p, -p, ;:

2 bx? 2 b x? / 2
B B ]7(C+ -4ab+c J
c+V-4ab+c? -c+V-4ab+c?

5 7 2 b x? 2 b x?
AppellFl[*, -p,1-p, —, - E *
2 2 ¢y _dab+c2 -c+v-4ab+c?
_ 1+p
c-+-4ab+c? P(c-+-4ab+c? +2bx?
21 2’2""bc(c+x/—4ab+c2 e? x° - + x? -
2b b
2 1
(—2a+(—c+\/m)x2) (a+cx?+bx*) TP
5 7 2bx? 2 b x?
AppellFl[*,fP,*p, . ’ } /
2 2 ¢y _dab+c2 -c+v_-4abrc?
[5 (—c+\/m] (c+m+sz2
5 7 2 b x? 2bx?
-7 aAppellFl| =, -p, -p, —, - s ] +
2 2 c++v-4ab+c? -c+V-4ab+c?
2 2 7 2
p X -c++/-4ab+c JAppellFl[—,l—p,—P, )
2 2
2bx? 2 b x? 2
B s ]7(c+«/74ab+c )
c+vV-4ab+c2 -c+V-4ab+c?
7 9 2 b x? 2 b x?
AppellFl[*, -p,1-p, —, - s *
2 2 c+v-4ab+c? -c+/-dab+c?
¢V aabic P (c dabic s2bx2)tP
9 Z‘Z'pb(c+\/—4ab+c2 e3 x’ h +x? -
2b b
2
2 -1+p

X

(72a+ (—c+x/—4ab+c2

7 9 2bx? 2bx?
AppellFl[;, -p5 -P» ;, - } /

)
c+V-4ab+c® -c++V-4ab+c?

7(—c+x/—4ab+c2] (c+x/—4ab+c2 +2bx?

<a+cx2+bx4)

7 9 2 b x? 2 b x?
—9aAppe11F1[*, -P> -P> 75 - ’ ] "
2 2 ¢y _4ab+c2 —c+v_-d4absc?

5 9 11
,c+\/mJ AppellFl[*, 1*p) =P —>»
2 2
2 b x? 2 b x2 2
_ e aaneet |

B
c+V-4ab+c? -c+v-d4ab+c?

pﬁ(
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9 11 2bx? 2bx?
AppellFl| =, -p, 1-p, —, - s
2 2 c+V-4ab+c? -c+vV-4ab+c?

Problem 401: Result more than twice size of optimal antiderivative.

J(c+ex2)2 (a+cx2+bx4)pd1x

Optimal (type 6, 358 leaves, 7 steps):

1+p

e?x (a+cx?+bx*) 1
b (5+4p) b (5+4p)
2 b x2 P 2 b x2 P
(ae®-bc* (5+4p)) x |1+ J 1+ ] (a+cx*+bx*)?
c-vV-4ab+c? c+V-4ab+c?
1 3 2 b x? 2bx? 1
AppellFl[*, -P> -P> =5 — > "
2 2 ¢+ dab+c? c+V-d4ab+c? 3b (5+4p)
R 2 b x? P 2 b x? P
ce(leb-3e+8bp-2ep) X’ |1+ 1+
c-V-4ab+c? c+V-4ab+c?
5 arp 3 5 2 b x? 2 b x?
(a+cx +bx) AppellFl[f, -p, -p, —, - y -
2 2 c-+-4ab+c? c+\V-4ab+c?

Result (type 6, 1001 leaves):
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1 c-V-4ab+c? P
= 2 [c+\/m x e
15 2b
c- vV 4absc? +2bx2)""
{ [72a+(—c+\/74ab+c2 x| (a+cx?+bxt) TP
b
2 1 3 2bx? 2bx?
- | |45 c? AppellF1[ =, -p, -p, =, - , /
2 2 c+V-sab+? -c+V-dab+c?
1 3 2bx? 2bx?
3aAppellF1[£, -p, -p, 3 s ]+

c+v-4ab+c2 -—c+V/-d4ab+c?
3 5
c,m) AppellFl[;, 1-p, -p, 5’

2 b x? 2 b x2

_ , e feeCannee)

c+V-4ab+c®? -c+v-d4ab+c?

pxz(

3 5 2bx? 2bx?
AppellF1[ =, -p, 1-p, =, - ) i
2 2 c+v-4ab+c? -c+V-4ab+c?
, 3 5 2 b x2 2 b x?
ex |- 50cAppe11F1[—, P> =P 75 - 5 /
2 2 c++/-4ab+c2 -c++/-4ab+c?
3 5 2bx? 2bx?
5aAppe11F1[;, -Ps -Ps —» - s +

c+V-4ab+c? -c++/-4ab+c?

2

; 5 7 2 b x?
p X (cfx/—4ab+c ]Appe:llFl[*: 1-p, -p, =5 - ’
2 2 ci+/-d4ab+c?
2bX2 2 5
} + [c+m) AppellFl[*, -p,
e aabi 2
7 2bx? 2bx?
1_p: e ) } *
2 c+V-4ab+c? -c+vV-d4ab+c?
, 5 7 2 b x2 2 b x2
2lex AppellFl[—, -P> -P> =5 - P } /
2 2 c++-4ab+c® -c+/-4ab+c?
5 7 2 bx? 2 b x?
-7 aAppellFl| =, -p, -p, —, - s +
2 2

c+V-4ab+c? -c+V-4ab+c?

7 9
(—c+\/m) AppellFl[—, 1-p, -p, —,
2 2

2bx? 2bx? 2

, - [coaane|

2bx?

2

p X

c+V-4ab+c? -c+/-4dab+c?

)
7 9 2 b x2

AppellF1[ =, -p, 1-p, —, - ]
2 2 civ-dab+c? —c+/-4d4ab+c?

Problem 402: Result more than twice size of optimal antiderivative.

J(c+ex2) (a+cx2+bx4)pd1x
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Optimal (type 6, 274 leaves, 6 steps):

2bx? P 2bx? P
cx [1+ 1+ ] <a+CX2+bX4)p
c-vV-4ab+c? c+V-4ab+c?
1 3 2bx? 2bx?
AppellFl[—, =P =P, —» — y +
2 2 c-+-4ab+c? c+v-4ab+c?
2bx2 P 2bx? P
“ex? |1+ J 1+ ] (a+cx®+bx*)P
3 c-V-4ab+c? c+V-4ab+c?
5 2bx? 2bx?

3
AppellFl[—, =P P, = — > =
2 2 c-+-4ab+c? c+v-4ab+c?

Result (type 6, 706 leaves):

1 c-V-4ab+c? P

— .23 (c+xl—4ab+c2 X e

3 2b

c-vV 4absc? +2bx2)""

{ (—2a+(—c+\/m x| (a+cx?+bxt) P

b

1 3 2bx? 2bx?

- | |9 cAppellF1| =, -p, -p, =, - , /
2 2 c+V-4ab+c? -c+V-4ab+c?
1 3 2bx? 2bx?

BaAppellFl[;: P> P> 75 - b) +

c+V-4ab+c®> -c++V-4ab+c?
3 5
c-+/-4ab+c? ) AppellFl{E, 1-p, -p, >’

2 b x? 2 b x?

- R ]+(c+xl—4ab+c2)
c+V-4ab+c? -c+/-4ab+c?

3 5 2bx? 2bx?
AppellFl[*, -p,1-p, — - } *
2 2 ¢y _dab+c2 -c+_-4abrc?

p x*

, 3 5 2 b x? 2 b x?
5ex*AppellF1[ =, -p, -p, —, - ’ /
2 2" N aabid civ dabid
3 5 2 b x? 2bx? 2
—5aAppe11F1{*,—p,—p, s - ’ ]+px
2 2 c+v/-4ab+c? -c+V-4ab+c?
. 5 7 2bx? 2bx?
(_“m] AppellF1[~, 1-p, -p, =, - , -
2 2 c+y/-4ab+c? -c+V-4ab+c?
. 5 7 2bx? 2 bx?
(c+m] AppellF1[>, -p, 1-p, =, - .
2 2 c++/-4ab+c? -c+V-4ab+c?

Problem 403: Result more than twice size of optimal antiderivative.

J(a+cx2+bx4)pdlx

Optimal (type 6, 133 leaves, 2 steps):
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2bx2 » 2bx? P
X [1+ ] (1+ ] (a+cx2+bx4>p
c-vV-4ab+c? c+V-4ab+c?
3 2 b x2 2 b x2

- -

1
Appe:l-lFl{_) -Ps =P, ]
2 c-vV-4ab+c? c+V-4ab+c?

Result (type 6, 487 leaves):

c N dabsc? PlciV dabrc? P
2b 2b
c-V-4ab+c? +2bx? V-dab+c2 +2bx2) P 2 ) 2|
(2a+[—c+m X
b
“1+p 1 3 2bx? 2bx?
<a+cx +bx) AppellFl[* -p, -Ps —» - s ] /
2 2 c++-4ab+c? -c+/-dab+c?
- 1 3 2bx? 2bx?
[—c+m) ~3aAppellFi[=, -p, -p, =, - . v
2 2 c+-4ab+c® -c+\/-d4ab+c?
2 ; 3 5 2bx2 2bx2
p X (’chm) AppellFl[_J 1-p, -p5 = - 4
2 2

c+V-4dab+c? -c+/-4dab+c?

c+/-4ab+c? | A e11F1[i -p, 1- C 2bx* 2bx ]
pp 2) pJ p) 2) 3

+V-4ab+c? —c+V-4ab+c?

Problem 406: Result unnecessarily involves imaginary or complex numbers.

J f+rgx dx
(d+ex) Va+cx?
Optimal (type 4, 446 leaves, 8steps):
(ef-dg) ArcTan| Lcdtaet x ]

(e f-dg) ArcTanh[ —2ecdx |

de+/a+cx* A/ cd*+ae* ~/a+rcx*
2+/-cd*-ae* 2\ cd*+ae?

a+rcxt L cix, 1
( Cdf+/a eg) ( 3+ x2) ﬁ E111pt1cF[2Ar‘cTan[ L ], ;} /
va ++/c x? a

(2 al/4 cl/4 (\/? d2+\/?e2) \Ja+cx?

(Ve d2-+a e (ef-dg) (Va +Vec %) 2o yipticed
(\/?+\/?X2)2

Ve d2i+/a e? 2 1/4
( ) ,2Ar~cTan[c X],l} /(4a1/4c1/4de(\/?d2+ﬁe2) ~Ja+cxt
4-/a Jc d?e? al/4 2




140 | Mathematica 11.3 Integration Test Results for 1.2.2.3 (d+e x~2)"m (a+b x~2+c x~4)~p.nb

Result (type 4, 275leaves):
1

2eva+cx?t

2ig [1+<% EllipticF[iArcSinh|[ [ 2L x], -1]
@ Va 1/4 _1/4

- +|(-ef+dg) [2(-1)""a cd*+ae?

ivc
Va

4

. 2 1 3/4 _1/4
14 &% EllipticPi[@, Ar‘cSin[M], -1] +ct*derfarcx?

a \/? d2 al/4

-Log[-d*+e? x?| +Log[ae2+cd2x2+\/cd“+ae4 \/a+cx4 }) /(c1/4dx/cd4+ae4

Problem 407: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J f+gx dx
(d+ex) V-a+cxt

Optimal (type 4, 218 leaves, 10 steps):

(ef-dg) Ar‘cTanh[\/w%:;“ji?] a”“g\/jEllipticF[ArcSin{tﬁ:‘}, -1]
+

+

N Ve —arcxt

14 cxt . . . [/a e? . Hx

al/ (ef-dg) \/iElllpthPl[Fdz: ArcSin | a1/s J» -1]
c/4de-a+cxt

Result (type 4, 719leaves):
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. ig /1—% EllipticF|i ArcSinh| —% x|, -1]

- +
V-a+cx? Jo

- e

Va

i f (al/4—ic1/4x)2\/_ (1—]‘1) (a1/47c1/4x) \/ (1+j1) (al/4+]-lc1/4x) (a1/4+c1/4x)

ial/%+cl/4x (a4 -1 cl4x)?

(1+1) (/%4 cV/ax)

21al’4+2cl%x

(-ct*d+a'’*e) EllipticF[Ar‘cSin[\/ , 2] - (1-1)al%e

(1-1i) (c¥*d-1iat%e) (1+1) (a¥%+cM*x)
EllipticPi| » ArcSin| » 2] /
cl/dd-al/de 21 al/4 12 cl/4x

(a1/4 (—c1/4d+a1/4e) (1 c1/4d+a1/4e)) + dg (81/4—Ji c1/4)()2

i a1/4 + C1/4 X

J (1-1) (al/%- cV/4x) J (14d) (a4 cax) (al/ s clix)

(a1/4 _icl/e x) 2

(1+1) (/%4 cV/ex)

21ial/4+2cl/4x

i(ct*d-al%e) EllipticF[Ar‘cSin[\/ , 2]+ (1+1) at%e

(1-1) (cV*d-ial*e) (1+1) (al/*+cM4x)
EllipticPi| » ArcSin| |, 2] /
c1/4 d- a1/4 e 21 a1/4 +2 c1/4 X

(a1/4e <—c1/4d+a1/4e) (ic1/4d+a1/4e))

Problem 408: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J\ 1—\/?+X dx
(1+\/?+X) \/—4+4\/?X2+X4

Optimal (type 3, 65leaves, 2 steps):



142 | Mathematica 11.3 Integration Test Results for 1.2.2.3 (d+e x~2)"m (a+b x~2+c x~4)~p.nb

(1—\/?+X)2

~34+24/3 ArcTanh |

]

3

3 (73+2\E) \/74+4\/?X2+X4

Result (type 4, 685 leaves):
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1+\/?— 4
(_1+ﬁ+x>2\/2(1+ﬁ)_2(2+\/?)X+(—1+\/?>X2—X3 -1+/3 +x

3443 +1 /2(2+\/?)

2[21‘1\/?—\/2(2+x/?) +\/6(2+\/?)]

Jl[l+\/?+:|l l2(2+\/?)}+ \/_
-1++/3 +x

J 2(2235) +i (1243 -

-1++/3 +x
2(2+V3) -1(1-\/?+71+8ﬁ+x) 21 [2(2443)
EllipticF [ArcSin| ” |, ]+
2% (2493 3443 41 |2 (2443
2\/? 4+2+/3 +x2 \/ 2(2+\/?) s 17\E+L
(—1+\/?+x)2 —1+\/?+x
2 2(2+\/?)
EllipticPi| s
/2(2+\/?) +]1(3+\/?)
J 2 (2443 ’j(l’\g*,ws;x) 2i |2 (243

ArcSin|

1/4 ], }
23/4(2+\/?) 3+\E+jm /
[[Wn(%ﬁ)

\/4+4ﬁx2+x4\/mj[lﬁ+—l+sﬁ

3

Jhﬁ_(umxi(_hm N
2 2
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Problem 409: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J\ 1++/3 +x

dx
(1-v3 +x)y/-a-av3 e xt
Optimal (type 3, 63 leaves, 2 steps):
(1+\/?+X)2

1
—/3+2+/3 ArcTan|
3

]

3 (3+2\/?) Joa-av3 x2ax

Result (type 4, 1137 leaves):

[ [

-3++/3 —i+/4-23

\/(—24+16\/?+ (20—8\5) (1—\/?+x> N (72+4\/?) (1—\E+x)2+ (1—\E+x)3

[Ji\/\/4—2\/? +J'L(1+\/?)+L +

—1—\/?+X

jl\/?\/ 472\/? +Jl(1+\/?)+78\/j_ +
-1-+/3 +x

16 i (-2+\/?)
~1-4/3 +x

+

\/[2]1+2]1\/?2\/126\E +4\/472\f -

22iv3 a2z vifreva). S
_1‘\/?+X \/\/7 ( ) —1—\/?+x
811(72+\/?)
VE | civivE 12 643 s24a-2v3 L))
~1-4/3 +x
PENE
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\/ 42\5]1(1“5)_1_%“] 2~/4-2/3
234 (2_\/?>1/4 4—2\/? +i(—3+ﬁ)

EllipticF [ArcSin|

|+

2\/?\/m-1(1+\/?)- 8i \I“ (_1_ 8 2(1+ﬁ)

+
—1—ﬁ+x \/?er)z —1—\/?+X

2+/4-2+/3
EllipticPi]| V3

\Ja-2+/3 -i (-3+ﬁ),

AT S R et vl |

23/4(2—\/?)1/4 x/4-2\/?+11(-3+\/?)

ArcSin|

[m_j (_3+ﬁ)wm_j hevs) —2L

i -1-+/3 +x
J(s (1] 8 (3493 (23T ex) o2 (193] (25 o) 2 (a T )’
\/(48_32\/?_64 (1-\/?+x) 323 (1-\/?+x) 124 (1_\/?+x)2-

163 (1-\/?+x)2-4(1—\/?+x)3+4ﬁ (1-ﬁ+x)3+ (1-ﬁ+x)4

Problem 410: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J\ 1—\/?+2X

dx
(1+\/?+2X) \/—1+4\/?X2+4X4
Optimal (type 3, 72leaves, 2 steps):

1-+/3 +2x)°
1 ~34+24/3 ArcTanh | ( ) ]

3
2 |3 (73+2\E) Jo1443 x2sax

Result (type 4, 623 leaves):
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1+\/?— 4
(—1+\/?+2X)2 13 2x

3443 +1i /2(2+ﬁ)

2[21‘1\/?—\/2(2+x/?) +\/6(2+\/?)]

Jl[l+\/?+:|l l2(2+\/?)}+ N
-1++v3 +2x

8

J 2(2235) +i (1243 -

-1++v3 +2X

~1+4/3 +2x
EllipticF [ArcSin| B |+

23/4(2+ﬁ)l/4 3+4/3 +1i 2(2+\/?)

2(2+V3) - (1-43 + —2—] 21 |2 (2443

4\/?J (2+\E+2x2 \/ 2(2+\/?) jl[l\/?+ 8

71+\/?+2x)2 ~1++/3 +2x
2 2(2+\/?)
EllipticPi| s
/2(2+\/?) +]1(3+\/?)
N R s

ArcSin|

1/4 J |
23/4(2+ﬁ) 3+\E+jm /

[[ 2(2+\/?) i i (3+\/?)]\/—2+8\/?x2+8x4

8

\/ 2(2+\/?) ]1[1\/?+r
-1++vV3 +2x
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Problem 411: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J\ 1+\/?+2X

dx
(1—\/?+2x)\/—1—4ﬁx2+4x4
Optimal (type 3, 70leaves, 2 steps):
(1+\E+2X)2

1
-=1/3+2+/3 ArcTan|
3

]

2 |3 (3+2\/?) Jo1-4+3 x2eaxt

Result (type 4, 1198 leaves):

—1+\/?+ 4
_ (—1—\/?+2x)2 13 v2x
~3+4/3 —i+4-2+/3

\/(—24+16\/?+ (20—8\5) (1—\/?+2x) . (72+4\/?) (1—\E+2x>2+ (1—\E+2x)3

[Ji\/\/4—2\/? +J'L(1+\/?)+L +

“1-+/3 +2x

jl\/?\/ 472\/? +Jl(1+\/?)+—j_j +
-1-+/3 +2x

16 i (-2“/3)
[2]1+2]1\/3 —2\/12—6\/3 +4\/472\/3 —] +
1-+/3 +2x

2

—1—\/?+2X

“
J

—1—\/?+2X

2]1\/?\/\/4—2\/? +]'].(1+\/?)+L +

—i+ia/3 -412-6+/3 +24/4-2+/3 _—Sj(j:\/?)
-1-+3 +2x

16 i (-2+ﬁ)
“1-4/3 +2x

+

_211+2j\/?-2\/12-6\/? +4J4-2\/— -

EllipticF|

|
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\/\/42\/? - (143 ) - 2
[

13 e2x 2+/4-2+/3

ArcSin

224 [2-+3 )" 4-2+3 +i (-3+V3)

—1—ﬁ+2x

2\/?\/mj(1+\/?)81\l1+( 8 . 2<1+ﬁ)

2/4-2+/3
\Ja-2+/3 -i (-3+ﬁ)

EllipticPi]|

WW(W) 2o 295

1-+/3 +2x
1/4 ]’
24 (2-4/3] 4-233 1 [-3:3

ArcSin|

1/

~1-+/3 +2x

[2 AAREREIE (‘3+ﬁ)]Jm—j 1ov3) —2

\/(8 (1+ﬁ)+4(3+ﬁ) (-1-ﬁ+2x)+

2(1+\/?) (—1—\/?+2x)2+§ (-1-ﬁ+2x)3

\/(128\516 (1—\/?+2X)+8\E(1—\E+2x)+6(1—\/?+2x)2—

VEY (1-ﬁ+2x)2- (1-ﬁ+2x)3+\/? (1—\/?+2x)3+i (1-v?+2x)4

Problem 412: Unable to integrate problem.

.F
J +gX dx
(d+ex) Va+bx?+cx?

Optimal (type 4, 560 leaves, 8 steps):
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(ef-dg) Ar‘cTan[@}
de~/a+bx?+cx*

2\/—cd“—e2 (bd2+ae2)

bd?+2ae?+(2cd’+be?) x?

]
pledrodieias Jantied (Tt e eg) (Va + /T ¢

2/cd*+bd?e?ae?

(e f-dg) ArcTanh|

a+bx?+cx? L cl/4 x
——————— EllipticF[2ArcTan|

] 1
(\/a_+\/?x2)2 at/¢ = 4

ol

- (\/c_dzf\/?ez) (e-F—dg) (\/?Jr\/?xz)

(Zal/“cl/4 (\/?d2+\/?e2) Ja+rbx?+cx*

2
a+bx2icxd o (\/?der\Eez) /4y
EllipticPi| , 2ArcTan|

(\/?+\/?x2)2 4-/a /c d?e? al/4
(4a1/4c1/4de(\/?d2+\/?e2) \Ja+bx?+cx?

Result (type 8, 31leaves):

1
4

> ma )

f X
J b dx
<d+ex> Va+bx?+cx?

Problem 413: Unable to integrate problem.

f X
J *8 dx
(d+ex) V-a+bx?+cx?

Optimal (type 4, 527 leaves, 10 steps):
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(ef-dg) ArcTanh| —b¥2aetcdtbelld

24/ cd*+bd?e?-ae* \/—a+bx2+c x4

2/cd*+bd?e?_ae*

\Jb+Vb2+4ac g (1+ —2cd J EllipticF[ArcTan[—f2fex ] _ 2:ybdac |

2 2
b-\/b*+4ac b+\/m b-\/b*+4ac
1+

__bo/pac
bbtdac /34 bx2+cx?

2cx?
1+

f
b+\/ b2+4ac

2cx?

V2 e e

2 2
-b++/b?+4ac <ef—dg) 1+ 2cx 1+ 2cx

b-+vb2+4ac b+vbZ+4dac
(b—\/b2+4ac ) e?

2cd?

(\/Tx/?de\/—a+bx2+cx4

Result (type 8, 33 leaves):

V2 e x l b—\/b2+4ac}/
Vobib?iaac  PrVbiraac

EllipticPi[- , ArcSin|

f X
J i dx
(d+ex) V-a+bx?+cxt
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Summary of Integration Test Results

413 integration problems

.

A - 185 optimal antiderivatives

B - 18 more than twice size of optimal antiderivatives
C - 202 unnecessarily complex antiderivatives

D - 8 unable tointegrate problems

E - Ointegration timeouts



